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Abstract 

The purpose of this p aper is to generalize the (Poisson) Optimal Reduction Theorem in 



Ortega and Ratiul ([2004) to general proper Lie group actions on Dirac manifolds, formulated 



both in terms of point and orbit reduction. A comparison to general standard singular Dirac 
reduction is given emphasizing the desingularization role played by optimal reduction. 
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1. Introduction 



Dirac struc tures, int r oduce d in Courant and Weinstein ( 19881 ) and systematically investigated for the 
first time in ICourantl(|l99d ). have a wide range of applications in geometry and theoretical physics. They 
include 2-forms, Poisson structures, foliations and also provide a convenient geometric setting for the 
theory of nonholonomic systems and circuit theory. The study of sub-objects and quotient objects in the 
Dirac category, central in the theory of reduction, is of particular interest. 

Recent years have seen a significant development of Dirac structures both from the geometric point of 
view as w ell as in applica ti ons. In the pr e sence o f symmetry, one can perform reduction t o eliminate vari- 



ables; s eelCourantl (119 90). Blankenstein (2000), Blankens tein and van der Sch aft (2001), Bursztv n et al 



■Totz and Ratiul (|2008l ). IJotz et al.H2011al).lYoshimura and Marsdenl (12 007). 



Yoshimura and Marsden 



for the regular case and Blankenstein and Ratiul ( 2004 ). Jotz et al. ( 201 lbl ) . " Jotz and Rati J 



( 201ll) for the singular situation. All t hese r eduction procedu r es are in the spirit of Poisso n reduction 
(jMarsden and Ratiul (jl98fil ). ISniatvckil (j2003l ) . iFernandes et al.l ifeood ). I.Totz and Rati J (j200flh ). 

In symplectic reduction, a central role is played by the momentum map. While its existence in the 
symplectic category is not guaranteed, in concrete applications it is rarely the case that a symplectic 
Lie group action fails to admit a momentum map. The situation is, however, drastically different in 
the Poisson category, where the e xistence of the momentu m map imposes unreasonable constraints on 
the symmetries. Because of that, Ortega and Ratiu ( 20041 ) introduced the optimal momentum map, a 
conservation law of a Poisson symmetry, that is always defined and has values in a topological space. A 
reduction method based on the optimal momentum map was proved. 

In the present pap e r we g eneralize the optimal momentum map and the optimal reduction procedure 
Ortega and Ratiu (2004) to closed Dirac manifold^]. As we shall see, with necessary assumpti 



in 



tions 



and appropriately extended definitions, this important desingularization method works also for Dirac 
manifolds. The power of optimal reduction can be immediately seen, already for free actions ([3]), by 
noting that it has as trivial corollary the stratification in presymplectic leaves of a closed Dirac manifold. 

Singular optimal reduction is carried out in two steps. First, one considers appropriately chosen 
distributions jointly defined by the symmetry group and the Dirac structure. In the free case, this 
reduces to one distribution that is automatically integrable in the sense of Stefan and Sussmann if the 
hypotheses for regular /standard Dirac reduction are satisfied. In the nonfree case, this is to no longer 
true, in general. However, if these generalized distributions are integrable, their leaves define the level 
sets of corresponding natural optimal momentum maps. 

Second, one passes to the quotient and constructs on it the reduced Dirac structure. It is not possible 
to extend this result in a naive manner to non-closed Dirac structures because the first consequence of 
non-closedness is the non-integr ability of the projection of the Dirac structure on its tangent part, and 
hence, in general, the distribution used in the previously described reduction process is also nonintegrable. 



Outline of the paper. In Section ^. ll we briefly review the relevant definitions and properties of general- 
ized distributions; special attention is given to integrability conditions for tangent distributions. Section 
I2.2l recalls the general theory of Dirac structures and Dirac actions of Lie groups and Lie algebras. Closed 
Dirac structures are emphasized and it is shown that flows of Hamiltonian vector fields defined by admis- 
sible functions leave the Dirac structure invariant. As a corollary, it is proved that the intersection of the 

1 Historically, "closed" and "integrable" Dirac manifolds were synonyms. However, due to the relation of Dirac geometry 
to groupoids, an "integrable" Dirac structure is one that, viewed as an algebroid, integrates to a groupoid. This is the 
reason why in this paper we use exclusively the term "closed" . 



2 



Dirac structure with the tangent bundle is an integrable generalized distribution. The necessary material 
from the theory of proper Lie group actions is reviewed in Section 12.31 An averaging procedure that is 
an important technical tool in the proof of many statements is discussed and the concept of descending 
sections of the Pontryagin bundle is recalled. 

In Sectional we summarize the results obtained later on in the particular case of a free Lie group action. 
No proofs are provided since they will be done for the general case in subsequent sections. Nevertheless, 
we believe that this section is helpful, since it illustrates the much more complicated general theory in a 
simple case; the distribution appearing here is the image of an appropriately chosen Lie algebroid by its 
anchor map. 

Section[J]is devoted to the study of two special distributions that are crucial in the reduction procedure; 
they are called optimal distributions and are associated to orbit and isotropy types, respectively. Under 
the necessary conditions for standard singular reduction, these two optimal distributions are algebraically 
involutive and a hypothesis is given so that the one associated to isotropy types is integrable. 

In Section [S]we introduce and study two optimal momentum maps, objects always available for canoni- 
cal Lie group actions on closed Dirac manifolds if the optimal distributions are spanned by their descend- 
ing sections and are integrable. If the Dirac structure comes from a Poisson manifold, these conditions are 
always satisfied and the two optimal momentum maps coincide. Optimal reduction is presented in Section 
[6j Two point optimal reduction theorems associated to the two optimal momentum maps are proved. 
In addition, an optimal orbit reduction theorem is presented and it is shown that the three reduction 
procedures, i.e., the two optimal point reduction and the optimal orbit reduction, are equivalent. 

In Section [7] we show that standard and optimal Dirac reduction are equivalent under appropriate 
hypotheses. Section [5] is devoted to the study of several examples illustrating the theory. An appendix 
summarizes the technical results used to compute the symmetry invariant generators for the set of in- 
variant vector fields used in the examples. 

Notations and conventions. We will write C°°(M) for the sheaf of local functions on M. That is, an 
element / G C°°(M) is a smooth function f : U — > R, with U an open subset of M. In the same manner, 
if E is a vector bundle over M , or a generalized distribution on M, we will denote by T(E) the set of 
local sections of E. In particular, the sets of local vector fields and one-forms on M will be denoted by 
X(M) and £l l (M), respectively. We will write Dom(cj) for the open domain of definition of a G F(E). 

The Lie group G is always assumed to be connected; q denotes its Lie algebra. All G-actions on M are 
smooth and are denoted by <5 : G x M — > M, (g, m) t— >■ gm = g ■ m = 3> fl (m), for all g G G and m G M. 
If £ G 0, then £m G X(M) defined by £m(?ti) := ^| t=0 exp(t^) • m is called the infinitesimal generator or 
fundamental vector field defined by £. 

A section X of TM (respectively a of T*M) is called G-invariant if &*X = X (respectively $*a = a) 
for all g G G. Here, the vector field ®*X is defined by &*X = T$ g -i oIo$ 9 , that is, (3>*X)(m) = 
T gm <S> g -iX(gm) for all me M. 

Recall that a subset N C M is an initial submanifold of M if N carries a manifold structure such that 
the inclusion t : JV H M is a smooth immersion and satisfies the following condition: for any smooth 
manifold P an arbitrary map g : P — > N is smooth if and only if to g : P — )■ M is smooth; in this case, t is 
said to be a regular immersion. The notion of initial submanifold lies strictly between those of injectively 
immersed and embedded submanifolds. 

2. Generalized distributions, symmetries, and standard Dirac reduction 
2.1. Generalized distributions 

The Pontryagin bundle Pm of a smooth manifold M is the direct sum Pm = TM © T*M. A generalized 
distribution A on M is a subset A of Pm such that for each m G M, the set A(m) := An Pm (m) is a 
vector subspace of PM( m ) = T m M x T^M. The rank of A at m G M is dimA(m). A point m G M is 
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a regular point of the distribution A if there exists a neighborhood U of m such that the rank of A is 
constant on U. Otherwise, m is a singular point of the distribution. 

A local differentiable section of A is a smooth section a G r(Pjv/) defined on some open subset U C M 
such that o~(u) E A (it) for each u £ U; the open domain of definition of a is denoted by Dom(<r). Let T(A) 
be the space of differentiable local sections of A. A generalized distribution is said to be differentiable or 
smooth if for every point m G M and every vector v G A(m), there is a differentiable section a G T(A) 
defined on an open neighborhood U of m such that cr(m) = v. A subset S C r(Pjvf) is said to span the 
smooth generalized distribution A if T(A) = span^^^S); S spans pointwise A if for all m G M, the 
values of the elements of S at m span A(m). 

A smooth generalized distribution contained in TM is called a smooth tangent distribution; a smooth 
generalized distribution contained in T*M is called a smooth cotangent distribution. 



2.1.1. Smooth orthogonals and annihilators 

The Pontryagin bundle Pm = TM © T*M of a smooth manifold M is endowed with a non-degenerate 
symmetric fiberwise bilinear form of signature (dim M, dim M) given by 

(C^m; Q?m)> ("mi Pm)} • — (firm "m) "I - (c^m; ^m) (1) 

for all u m , f m G T m M and a m , /3 m G T^M. 

If A C Pm is a smooth generalized distribution, its smooth orthogonal is the smooth generalized 
distribution A 1 - C P M defined by 



A (m) := < r(m) 



r G r(Pjw) with m G Dom(r)is such that for all 
a G r(A) with m G Dom(<7), 
we have (a, r) = on Dom(r) n Dom(<r) 



Note that the smooth orthogonal of a smooth generalized distribution is smooth, by construction. The 
inclusion A C A -1 — L is, in general, strict. If the distribution A is a vector subbundle of Pm, then its 
smooth orthogonal is also a vector subbundle of Pm- 

Let T C TM be a tangent distribution. The smooth annihilator of T is the smooth codistribution 
T° C T*M defined by 



7°(m) := < a 



a G n 1 (M),m G Dom(a) and a(X) = 
on Dom(a) n Bom(X) for all X G T(T) 

for all m G M. Analogously, we define the smooth annihilator C° C TM of a codistribution S C T*M. 

The tangent distribution V spanned by the fundamental vector fields of the action of a Lie group G on 
a manifold M is defined at every point m G M by V(m) := I £ G g}. If the action is not free, 

the rank of the fibers of V can vary on M. The smooth annihilator V° of V has the expression 

V°(m) = {a(m) \ a G 1 (M), m G Dom(a), such that o:(£m) = for all ^ G g}. 

We will also use the smooth generalized distribution % := V © {0} C Pm and its smooth orthogonal 
X 1 - = TM®V°. 



2.1.2. Generalized foliations and integrability of tangent distributions 



To give content to the notion of integrability of a smooth tangent distribution and elaborate on it , we nee d 
to quickly review the concept and main proper ties of generalized folia tions fs eeCT jj^ |Sh, 
Sussmann ( 1973) for the or i ginal articles and Libermann and Marld (1987), Vaisman (1994), Pflaum 



or lOrtega and Ratiul (j20Q4j ) , for a quick review of this theory) . 



A generalized foliation on M is a partition $ := {£«} a eA of M into disjoint connected sets, called 
leaves, such that each point m G M has a generalized foliated chart (U,ip : U — )• V C IR dimA:? ), m G U. 
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This means that there is some natural number p a < dimM, called the dimension of the leaf L a , and a 

Subset S a C RdimAf-p a guch that ^jj n £q ) = _ _ _ ; ^.dimM) £ y | ^p a +l ^ ^ ^dimA/) £ Note 

that each (xo Q+1 , • . . ,x„ imM ) G 5 a determines a connected component (U n £ a )o of Z7 D £ a , that is, 
n L a ) ) = {(x 1 , ...,x Pa , x% a+1 , xf mM ) G V}. The key difference with the concept of foliation 
is that the number p a can change from leaf to leaf. The generalized foliated charts induce on each leaf a 
smooth manifold structure that makes them into initial submanifolds of M. 

A leaf L a is called regular if it has an open neighborhood that intersects only leaves whose dimension 
equals dim£ a . If such a neighborhood does not exist, then L a is called a singular leaf. A point is called 
regular [singular) if it is contained in a regular (singular) leaf. The set of vectors tangent to the leaves 
of 5 is defined by 

T(M,£) := J U T rn L a cTM. 



Let us turn now to the relationship between distributions and generalized foliations. In all that follows, 
7 is a smooth tangent distribution. An integral manifold of T is an injectively immersed connected 
manifold ll '■ L > M, where ll is the inclusion, satisfying the condition T m t^(T m L) C 7(m) for every 
m G L. The integral manifold L is of maximal dimension at m G L if T m LL(T m L) = 7{m). The 
distribution T is completely integrable if for every m G M there is an integral manifold L of T, m G L, 
everywhere of maximal dimension. The distribution 7 is involutive if it is invariant under the (local) 
flows associated to differentiable sections of T. The distribution T is algebraically involutive if for any 
two smooth vector fields defined on an open set of M which take values in 7, their bracket also takes 
values in 7. Clearly, involutive distributions are algebraically involutive and the converse is true if the 
distribution is a vector subbundle. 

Recall that the Probenius theorem states that a vector subbundle of TM is algebraically involutive if 
and only if it is the tangent bundle of a foliation on M. 

The same is true for distributions under the involutivity asumption: A smooth distribution is involutive 
if and only if it coincides with the set of vectors tangent to a generalized foliation, that is, it is completely 
integrable. This is known as the Stefan-Sussmann Theorem. 

We will formulate the Stefan-Sussmann theorem in the setting of a smooth tangent distribution spanned 
by a family of vector fields. Note that each smooth tangent distribution is spanned by the family of its 
smooth sections. 

Let 7 be an everywhere defined family of local vector fields on M. By everywhere defined we mean 
that for every m G M there exists X G 7 such that m G Dom(X). Associate to the flows of the vector 
fields in F the set of local diffeomorphisms Ay := {(fit \ (fit flow of X G 7} of M and the pseudogroup of 
transformations generated by it, 

A? := (I, M) UK ° ■ • • ° C | n G M and 0™ G A s or (^J" 1 G A<r). 

Analogously, we also define, for any z G M, the following vector subspaces of T Z M: 



Dy(z) := span M 



<fit(y) (fit flow of X G 7, <fi tQ {y) 
t=t 



= span R {X(z) G T Z M\ X £ 7 and z G Dom(A)}, 
Dgr(z) := span R {T y (fi T (T)y(y)) \ (fi T G Ay,(fi T (y) = z}. 

Note that, by construction, T>y is a smooth tangent distribution; T>y is said to be the smooth tangent 
distribution spanned by 7. 

The Ay-orbits, also called the accessible sets of the family 7, form a generaliz e d folia tion whose leaves 
have as tangent spaces the values of D, (see, for example, lOrte.a and E,atiul »)). An important 



question is determining when the smooth tangent distribution T>y spanned by 7 is integrable. 
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Theorem 2.1 ( Stefan! ( 1974al ) and lSussmann (11973)). Let Dy be a differentiable generalized distribution 
on the smooth manifold M spanned pointwise by an everywhere defined family of vector fields 1. The 
following properties are equivalent: 



1. The distribution Dj is invariant under the pseudogroup of transformations generated by 7, that is, 
for each <j>T G Ay and for each z G M in the domain of (fxp, 

2. Vy = Dy. 

3. For any X G 7 with flow (j) and any x G Dom(X), there exist: 

a) A finite set {Xi, . . . , X p } C 7 such that Dy{x) = span ]R {Xi(x), . . . , X p (x)}. 

b) A constant e > and Lebesgue integrable functions Ajj : (— e, e) — > R (1 < i,j < p) such that 
for every t G (— e, e) and j G {1, . . . ,p}: 

p 

i=l 

and Dy((j) t (x)) = span E {Xi(0t(x)), . . . , X p (4> t (x))}. 
4- The distribution T)j is integrable and its maximal integral manifolds are the Ay-orbits. 

As already mentioned, given an involutive (and hence a completely integrable) distribution T, each point 
m G M belongs to exactly one connected integral manifold L m that is maximal relative to inclusion. It 
turns out that L m is an initial submanifold and that it is also the accessible set of m, that is, L m equals 
the subset of points in M that can be reached by applying to m a finite number of composition of flows of 
elements of T(T). The collection of all maximal integral submanifolds of 7 forms a generalized foliation 5a 
such that 7 = T(M, 5t)- Conversely, given a generalized foliation 5 on M, the subset T(M, J) C TM is 
a smooth completely integrable (and hence involutive) distribution whose collection of maximal integral 
submanifolds coincides with These two statements expand the Stefan-Sussmann Theorem cited above. 



2.2. Generalities on Dirac structures 
2.2.1. Dirac structures 

Recall that the Pontryagin bundle Pm = TM © T*M of a smooth manifold M is endowed with a non- 
degenerate symmetric fiberwise bilinear fo r m of signature (dim M, dim M) given by ([I]) . A Dirac structure 
( Courant and Weinstein ( 19881 ). CourantJ ( 1990l )) on M is a Lagrangian subbundle D C Pm • That is, D 



coincides with its orthogonal relative to ([T]) and so its fibers are necessarily dim M-dimensional. 

The space T(TM © T*M) of smooth local sections of the Pontryagin bundle is also endowed with a 
R-bilinear skew-symmetric bracket (which does not satisfy the Jacobi identity) given by 

[(X, a), (Y, 0)] : = (V, Y], £ x (3 - £ Y a + (a(Y) - p(X))\ 

X, Y], £ x f3 - iyda - ^d ((X, a), (Y, (2) 



(see ICourantl (|l990h ). The Dirac structure is closed (or integrable) if [r(D),T(D)] C T(D). Since 



((X, a), (y, (3)) = if (X, a), (Y, (3) G T(D), integrability of the Dirac structure is often expressed in 
the literature relative to a non-skew-symmetric bracket that differs from ([2]) by eliminating in the second 
line the third term of the second component. This truncated expression which satisfies the Jacobi identity 
but is no longer skew-symmetric is called the Courant- Dorf man bracket: 

[(X, a), (Y, /?)] := ([X, Y), £ x f3 - iyda) . (3) 
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A Dirac structure D on a manifold M defines two smooth tangent distributions Go, Gi C TM and two 
smooth cotangent distributions Po, Pi C T*M; their fibers at m G M are: 

G (m) := {X{m) G T m M \ X G X(M), (X, 0) G T(D)} 

Gi(m) := {X(m) G T m M | X G X(M), there exists a G Q^M^such that (X, a) G T(D)} 

and 

P (m) := {a(m) G T^M | a G f2 1 (M), (0, a) G T(D)} 

P^m) : = {a(m) G T^M \ a G fi^M), there exists X G X(M),such that (X, a) G T(D)}. 

The smoothness of Go,Gi,Po,Pi is obvious since, by definition, they are generated by smooth local 
sections. In general, these are not vector subbundles of TM and T*M, respectively. It is also clear that 
G C Gi and P C Pi. 
We have the equalities 

Po = Gi°, Go = Pi 

and the inclusions 

Pi ^ Go°, Gi C Pq°. 

If Pi (respectively Gi) has constant rank on M, the first inclusion above (respectively the second) is an 
equality. 

A function / G C°°(M) is called D- admissible, or simply admissible if there is no possibility of confusion, 
if there exists a vector field X G X(M) such that (X, df) G T(D). The section (X, df) is then called (D-) 
admissible or (D-) Hamiltonian and X =: Xf is a (D-) Hamiltonian vector field for /. 

Note that the vector field Xf is not unique if Go 7^ {0}; if Xf is a Hamiltonian vector field for /, 
then, for any section Z of Go, the sum Xf + Z is also a Hamiltonian vector field for /. Indeed, since 
(X f ,df), (Z,0) G T(D), the sum (X/ + Z,df) = (X f ,df) + (Z,0) is also a section of D. The smooth 
tangent distribution Go is spanned by the Hamiltonian vector fields of the constant functions, which are 
consequently all admissible. 

Define a bracket {-,-}d on the set C°°(M) D of admissible functions by {f,g}o '■= Xf(g) = —X g (f) 
for all /, g G C°°(M) D . This bracket does not depend on the choices made for X g and Xf, and if the 
Dirac manifold (M, D) is integrable, {• , -} D : C°°(M) D x C°°(M) D C°°(M) D is a Poisson bracket on 
C°°(M) D . 



2.2.2. Properties of integrable Dirac structures 

Assume that (M, D) is an integrable Dirac manifold. Then, relative to the Courant bracket ([3]) and the 
anchor tttm '■ D — > TM given by the projection on the first factor, D becomes a Lie algebroid over M. 
The smooth distribution Gi = ittm (D) C TM is then completely integrable in the sense of Stefan and 
Sussmann and each leaf of Gi inherits a presymplectic form ojn given by 

oo N (X, Y)(p) = a(Y)(p) = -0{X)(p) (4) 

for all p G N and X,Y G X(N), where X, Y G T(Gi) are arbitrary sections iAr-related to X,Y, respec- 
tively, and ln : N > M is the inclusion; ijy-relatedness is denoted by X rs - , £jy X , Y ^tjv ^ ' The one-forms 
a, (3 G J7 1 (M) are such that (X,a), (Y, f3) G T(D). Formula Q is independent of all the choices involved. 
Note that there is an induced Dirac structure on N given by the graph of th e bundle map b : TN — >• T*N 
associated to a; at. The proofs of these facts can be found in ICourantJ (|l990T ). Since Gi has constant rank 



on N, the codistribution Po has also constant rank on N and D n (TN T*M\n) is a smooth vector 
bundle over N. Then the induced Dirac structure D^r on N can be described in the following way: 

r(Djv) := Ux,a) \ 3(X,a) G T(D) such that X ~ tJV X and a = i* N a\ (5) 
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fsee ICourantl <|l990h or I Jotz and Ratiul ((20081 ) ). 



Let (M, D) be a closed Dirac manifold and / G C°°(M) D a smooth admissible function. Let <f> be 
the flow of a corresponding Hamiltonian vector field Xf and (N,ujn) a presymplectic leaf of (M, D) 
intersecting the domain of definition of (Xf,df). Since Xf is a section of T(Gi), there exists a vector 
field Xf G X(iV) that is iAr-related to Xj. The flow <^> of Xj satisfies tisr ° fa = fa L N for all t where fa 
is defined. We have cjjv = ^d/ = d(t* N f) by definition of wat. This yields 

£ Xf u N = ix f du) N + d(i_^ wjy) = + d 2 ^/) = 0, 

and hence 

,7 



t=to 



Thus (^jWat = 0o = wat for all t for which ^ is defined. 

We want to show that the flow fa preserves the Dirac structure, that is, (cf)fX,(f)*a) G T(D) for all 
(X, a) G r(D). To see this, we choose a point m G Dom(X, a) n Dom(Xy, d/) C M and a section (Y, 0) 
of D defined on a neighborhood of m. Let (N,lun) be the presymplectic leaf of (M, D) through the point 
m. Then we can write m = t/v(re) f° r some point re in the initial immersed submanifold N of M. Using 
the definition of ojn, we compute on the common domain of definition of (Xf,df), (X, a), and (Y, /3): 

<(#X,#a),(Y,/3))(m) = (#«) t „ W (yMn))) + & w(rO ((0i*)M«))) 

= (ix^)^ (n) (fcr)(^(n)))+(i^ JV ) ri ((^X)(n)) 

= WA r(^(re))(X(^(n)), (0l t y)(0 t (n))) +^(n)(y(n), (0 t *l)(re)) 

= (^ WiV )(n)((^X)(n),y(n)) + u N (n)(Y(n),(4>* t X)(n)) 

= u N (n){(4>* t X)(n),Y(n)) +u N (n)(Y(n),(ftX)(n)) =0. 

This shows that (4>^X,(j)^a) G r(D ) = T(D). We have proved the following theorem. 

Theorem 2.2 Let (M, D) 6e a closed Dirac manifold, f G C°°(M) an admissible function of (M, D) ; 
and Xf a Hamiltonian vector field for f . Let (j) be the flow of Xf. The Dirac structure is invariant under 
<j>t for all t for which 4>t is defined, that is, (<p^X,(j)*a) G T(D) for all (X, a) G T(D). 

Thus, if g G C°°(M) D is an admissible function and 4> is the flow of the vector field Xf, then the 
function (j)*g is also admissible. Furthermore, if Xh is a solution of the implicit Hamiltonian system 
(Xff,dH) G r(D) for a Hamiltonian H G C°°(M) D , then the Dirac structure D is conserved along the 
solution curves of the system. 

Note that if X is an arbitrary section of Gi, it is not possible to show in the same manner that the 
Dirac structure is conserved along the flow lines of X. Recall also that the space of sections of Gi is not 
necessarily generated by {Xf \ f admissible}. Therefore, the flows of sections of Gi do not conserve the 
Dirac structure of M, in general. As we shall see later on, this is a major technical problem. Certain 
conditions on the admissible functions will have to be imposed. 

Corollary 2.3 Let (M, D) be a closed Dirac manifold. Then the distribution Go is completely integrable 
in the sense of Stefan and Sussmann and each of its leaves inherits the trivial presymplectic structure. 

Proof: We have to show that the flow of each element of T(Go) leaves Go invariant. If X G r(Go), 
then (X, 0) G T(D) and thus X is a Hamiltonian vector field for any constant function on M. Thus, any 
constant function k on M is admissible and, by the preceding theorem, we get (fyY, <f>% (3) G T(D) for all 
(Y,/3) G T(D), where (j) is the flow of the vector field X. But then (<^Z,0JO) = (#Z,0) G T(D) for all 
[Z, 0) G r(D) and t for which fa is defined, and hence cj)*Z G T(Go) for each Z G T(Go). This shows that 
Gq is completely integrable by the first point of Theorem 12. 11 
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Let N be a leaf of Go- Then the Dirac structure defines a 2- form on N by 



oj N (n)(X(n),Y(n)) = a n (Y(n)) = -/3 n (X(n)), 

where X,Y G 3C(N); X,Y G X(M) and a,fi G n 1 (M) are chosen such that X ~ tJV X, F ~ tJV F 
and (X, a),(F, /3) G T(D). But, since X and Y can be chosen in T(Go), this yields automatically 
UJ N {n)(X(n),Y{n)) = for all n G X, X,F G X(X). □ 



Note that the leaf of Go through any point m G M is initially immersed in the leaf of Gi through m. 



2.3. Proper actions and orbit type manifolds 
2.3.1. The stratification by orbit types 

In this section we consider a smooth and proper action 

$ : G x M -> M 

(5, m) 1 — y &(g, rn) = $> g (m) = gm = g ■ m 

of a Lie group G on a manifold M. Let 7r : M — > M := M/G be the orbit map. 
For each closed Lie subgroup H of G we define the isotropy type set 

M# = {m G M I G m = H} 



where G m = {g G G \ gm = m} is the isotropy subgroup of m G M. Since the action is proper, all 
isotropy groups are compact. The sets Mjj, where H ranges over the closed Lie subgroups of G for which 
Mjj is non-empty, form a partition of M and therefore they are the equivalence classes of an equivalence 
relation in M. Define the normalizer of H in G by 

N(H) :={geG\ gHg' 1 = H}; 

N(H) is a closed Lie subgroup of G. Since H is a normal subgroup of N(H) the quotient N{H)/H is a 
Lie group. If m G Mh, we have G m = H and G gm = gHg~ l for all g G G. Consequently, gm G Mh if 
and only if g G N(H). The action of G on M restricts to an action of N(H) on Mh, which induces a 
free and proper action of N(H)/H on Mh. 
Define the orbit type set 

Mrm ■= {m G M \ G m is conjugated to H}. (7) 

Then, 

M {H ) ={gm\g£G,m£ M H } = tTVCMh)). 

The connected components of M# and Mrm are embedded submanifolds of M; therefore Mh is called 
an isotropy type manifold and M(m an or&i£ type manifold. Moreover, 

vr (M (fl) ) = {gm \ m G M^}/G = M H /N(H) = M H /{N{H)/H). 

Since the action of N(H)/H on Mh is free and proper, it follows that Mh / '(N(H) j H) is a quotient 
manifold of Mh- Hence the subset tt(M(h)) — M = M/G is a manifold. 

The partitions of M by the connected components of the orbit type manifolds is a decomposition of 
the differential space M . The c orresponding st ratification of M is called the orbit type stratification of M 
( Duistermaat and Kolk ( 200Cll ). Pflaum ( 2001 )). The orbit space M = M/G with its quotient topology 



has also the structure of a stratified space with strata the projections of the connected components of 
the orbit type manifolds. 
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2.3.2. Tube theorem and G-invariant average 



If the action of the Lie group G on M is proper, we can find for each point m G M a G-invariant 
neighborhood of m such that the action can be described easily on this n eighborhood. The proof of the 
following theorem can be found, for example, in lOrtega and Ratiul (l2004h . 



Theorem 2.4 (Tube Theorem) Let M be a manifold and G a Lie group acting properly on M . For a 
given point m G M denote H := G m . Then there exists a G -invariant open neighborhood U of the orbit 
G ■ m, called tube at m, and a G-equivariant diffeomorphism G x# B — > U. The set B is an open H- 
invariant neighborhood ofO in an H -representation space H -equivariantly isomorphic to T m M/T m (G-m). 
The H -representation on T m M /T m (G ■ m) is given by h-(v + T m (G-m)) := T m Q h(v) + T m (G ■ m) , h£H, 
v G T m M . The smooth manifold G Xh B is the quotient of the smooth free and proper (twisted) action 
of H on G x B given by <J(/i, {g,b)) := (gh' 1 ,h ■ b), g G G, h G H, b G B. The G-action on G x H B 
is given by k ■ [g, b] := [kg, b]n, where k,g G G, b G B, and [g, b]n G GXh B is the equivalence class (i.e., 
H -orbit) of (g, b). 

Let m G M and H := G m . If the action of G on M is proper, the isotropy subgroup H of m is a 
compact Lie subgroup of G. Hence, there exi sts a Haar measure dh o n H, t hat is, a G-invariant measure 
on H satisfying f H dh = 1 (see, for example, Duistermaat and Kolk ( 2000l )). Left G-invariance of dh is 



equivalent to right G-invariance of dh, that is, R*dh = dh = L*dh for all g G H, where L g : H —> H 
(respectively R g : H — > H) denotes left (respectively right) translation by g on H. 

Let X G X(M) be defined on the tube U at m G M of the proper action of the Lie group G on M. 
Using the Tube Theorem, we write the points of U as equivalence classes [g, b]n with g G G and b G B. 
Define the vector field Xq by 

X G ([g,b] H ) := U* g ^ (J^lXdhj} ([g,b] H ), 

that is, for each point m! = [g, b]n G U we have 



X G ([g,b] H ) 



T [e,b] H ®9 



H 



{T [hMH $ h -iX([h,b} H ))dh) . 



This defines a smo oth G-invariant vector field Xq called the G -invariant average of the vector field X (see 
.Totz et al.1 l|2011bl )). Note that Xq is, in general, not equal to X (at any point); it can even vanish . Indeed, 
G-invariant vector fields are tangent to the isotropy type manifolds (see Ortega and Ratiul ( 2004 )). Hence, 
if we choose a G-invariant Riemannian metric on M and a section X of the (G-invariant) orthogonal 
TP 1 - C TM\p of TP relative to this metric, where P is a stratum of M, its G-invariant average is bot h 
a section of TP 1 - and tangent to P, so it is the zero section (see also ICushman and Sniatvckil ( 200ll ). 
Lemma 2.4). 

Similarly, define for a G VI 1 (M) the G-invariant average olq G fi 1 (M) G of a by 



«G([f/,%) - 
that is, for each point m 1 = [g, b\u G U we have 



H 



$* h adh) (\g,b] H ), 



UG([g,b] H ) 



<&* h adh 



4> 



H Q 



J ( a ([h,b]H)oT [eJb]B $ h )dh\ oT Mfl $ r i. (8) 



'H J [e,b] H 

The one- form ccq is well-defined, smooth, and G-invariant (see Jotz et al. ( 2011bl )). 

If (X, a) is a section of a G-invariant generalized distribution A, then (Xq, olq) is a G-invariant section 
of A. 

Note that, in the same manner, we can define the G-invariant average fc of a smooth function / 
defined on the tube U for the action of G at m. The function /q is defined by 

f G ([g,b} H ) := [ f([h,b] H )dh. 
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2.3.3. Descending sections of Pm 



Let Vq be the cotangent distribution on M spanned pointwise by the G-equivari ant section s of V°, that 
is, V° G (m) := {a m \ a G r(V°) G } = (d/(m) | / G C°°(M) G ] (see Lemma 5.8 in l.Totz et alJ^Ollbh l. If 
a G r(V°) G , it pushes-forward to the "one-form" a := ir*a such that, for every Y G 3L(M) and every 
vector field Y G X(M) satisfying Y ~ vr Y, we have 

7r*(a(Y")) = a(Y). 

Each vector field X satisfying [X,T(V)] C r(V) can be written as X = X G + X v , with X G G X(M) G 
and X v G r(V), and X pushes-forward to a "vector field" X on M. Since we will not need these objects in 
the rest of the paper, we will not give more det ails about what we call the "vector fields" and "one-forms" 
on the stratified space M = M/G and refer to I.Totz et al.1 (|2011bl ) for more information. 

A local section (X, a) of TM ®V° = % L satisfying [X,T(V)} C r(V) and a G T(V°) G is called a 
descending section of Pm- 



2.3.4. Review of standard Dirac reduction 

Symmetries of Dirac manifolds. Let (M, D) be a smooth Dirac manifold. Let G be a Lie group and 
$ : G x M — > M a smooth left action. Then G is called a symmetry Lie group of D if for every g G G 
the condition (X, a) G T(D) implies that $*a) G T(D). We say then that the Lie group G acts 

canonically or 6y Dirac actions on M. 

Let g be a Lie algebra and £ G i— >• G X(M) be a smooth left Lie algebra action, that is, the map 
(x, £) G M x i— > £m(x) G T 1 -^ is smooth and £ G h- >• G X(M) is a Lie algebra anti-homomorphism. 
The Lie algebra is said to be a symmetry Lie algebra of D if for every £ G the condition (X, a) G T(D) 
implies that (£^ M X, £^ M a) G T(D). Of course, if is the Lie algebra of the Lie group G and £jvf is 
the infinitesimal generator for all £ G 0, then if G is a symmetry Lie group of D it follows that is a 
symmetry Lie algebra of D. 



Standard Dirac reduction We present a sho rt review of the Dirac reduction methods. For more details, 
Jotz et al. | (j2011bh and I Jotz et all l|2011a] ). Let (M, D) be a smooth Dirac manifold acted upon in a 



sec 



smooth proper and Dirac manner by a Lie group G such that the intersection Dn (Tffi Vq) is spanned 
pointwise by its descending sections. 

Consider the subset D G of T(D) defined by 



D := {(X,a) G T(D) | a G T(V°) G and [X,T(V)] C r(V)}, 

that is, the set of the descending sections of D. 

Each vector field X satisfying [X, T(V)] C r(V) pushes forward to a vector field X on M. For each 
stratum P of M, the restriction of X to points of P is a vector field Xp on P. On the other hand, if 
(X, a) G D G , then we have a G r(V°) G and it pushes forward to the one-form a := ir*a such that, for 
every Y G X(M) and every vector field Y G £{M) satisfying Y ^ n Y, we have 

n*(a(Y)) = a(Y). 

Moreover, for each stratum P of M, the restriction of a to points of P defines a one-form ap on P. Let 

D := {(X,a) | (X,a) G D G } 

and for each stratum P of M, set 



P,a P 



(X,a)£T)}. 



Define the smooth generalized distribution Dp on P by 

D P (s) := {(X P (s),a P (s)) G T S P x T;P | (X P ,a P ) G Dp} 
for all s £ P. Note that T(Dp) = Dp. We have the following three theorems. 



(9) 
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Theorem 2.5 Let (M, D) be a Dirac manifold with a proper Dime action of a connected Lie group G 
on it. Assume that the intersection Dfl(T© V° G ) is spanned poitwise by its descending sections. Then 
each element (X,a) £ X(M) x 1 (M) orthogonal to all the sections in T> is already an element ofT). 

Theorem 2.6 Let (M, D) be a Dirac manifold with a proper Dirac action of a connected Lie group G 
on it. Let P be a stratum of the quotient space M . IfDf] (T© V G ) is spanned poitwise by its descending 
sections, then Dp defined in ([9|) is a Dirac structure on P. If (M, D) is integrable, then (P, Dp) is 
integrable. 

In the regular case, this simplifies to the following statement. 

Theorem 2.7 Let G be a connected Lie group acting in a proper way on the manifold M such that all 
isotropy subgroups are conjugated. Assume that DnX^ has constant rank on M, where X 1 - := TM©V°. 
Then the Dirac structure D on M induces a Dirac structure D on the quotient M = M/G given by 

D(m) := j(X(m),a(m)) £ T m M x T^M 

for all fh £ M . If D is integrable, then D is also integrable. 



3X G X(M) such that X r 
and (X,ir*a) E T(D) 



X 



(10) 



3. The free case 

In this section we present, without proofs, the theory of optimal reduction for free Lie group actions. 
We do this because the main ideas are easier to follow in this situation and because this case follows 
closely the non-free Poisson case. The proofs will be given later for the general case of a proper action; 
this is technically considerably more involved due to the fact that the characteristic distribution Pi of 
an arbitrary Dirac structure is not equal to T*M (as was the case for a Poisson structure). In the 
general case, two types of natural optimal distributions arise simultaneously as generalizations of the 
Poisson optimal distribution. This is related to the fact that one can consider orbit type and isotropy 
type manifolds when carrying out singular reduction. In addition, as we shall see, these two natural 
distributions are not integrable, in general. In the free case, where they are both equal, one has to 
assume that the intersection of the Dirac structure with the vector bundle X 1 - associated to the action 
has constant rank (as for the standard reduction). In the general case, this doesn't make sense because 
"X 1 - is not necessarily smooth; we will give additional hypotheses guaranteeing the integrability of the 
optimal distributions. 

Let {M, D) be a closed Dirac manifold, G a symmetry Lie group of D acting freely and properly on 
M. Assume in the following that D n X L is a vector bundle , where X = V © |0| C TM © T*M and 
X 1 - = TM © V°. To define the optimal momentum map (as in lOrtega and Ratiul d2004h . §5.5.7) we need 
to introduce an additional smooth distribution. Define 

T> a (m) := {X(m) \ there is a 6 T(V°) C 9}{M) such that (X,a) G T(D)} C Gi(m) 

for all m S M. Then T)q = UmgA/DG^m) is a smooth distribution on M. 

If the manifold M is Poisson and the Dirac structure is the graph of the Poisson map jj : T*M — > TM, 
then T>g{p) = \Xj{p) | there is / G C OD (M) G such that Xj = jj(d/)}, which recovers the definition in 



Ortega and Ratiul ((200J) 



Returning to the general case of Dirac manifolds, note that 

V G = tt tm (D n (TM © V°)) = tt tm (D n X L ), (11) 
where tttm '■ TM © T*M — > TM is the projection on the first factor and that we always have 

G C V G C Gi. 

We have the following lemmas. 
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Lemma 3.1 Let (X,a),(Y,f3) G r(D n i.e., X,Y £ T(T> G ). Then the 1-form £xf3-iyda is a 

local section of V° . 



For the proof see Lemma l4.2i 

Corollary 3.2 If D is integrable, the space of local sections of the intersection of vector bundles D n OC 1 ' 
is closed under the Courant bracket. Hence, under the assumption that D n % ± has constant dimensional 
fibers, this vector bundle inherits a Lie algebroid structure relative to the Courant-Dorfman bracket on 
r(D n %^~) and the anchor map tttm ■ D n OC 1 ' — > TM . Thus, the distribution T)q = 7Ttm(D D is 
integrable in the sense of Stefan- Sussmann. 

This corollary is an immediate consequence of Lemma 13.11 and the closedness of D. Note that in the 
general case of proper nonfree actions, we will have to assume that the corresponding distributions are 
integrable, or give additionnal hypotheses under which this is true. 

Thus, if D n %^ is a vector bundle, it is a Lie a lgebroid and M admits hence a generalized foliation by 
the leaves of t he generalized distributio n Dq (see Courant ( 1990l )). The optimal momentum map is now 



defined like in Ortega and Ratiul <|2004h . 



Definition 3.3 Assume that D n %^ is a vector subbundle of TM © T*M. The projection 

d : M -> M/T>g (12) 

on the leaf space of T>g is called the (Dirac) optimal momentum map. 

In order to formulate the reduction theorem for the optimal momentum map, we need an induced 
action of G on the leaf space of T>g- This doesn't follow, as usual, from the G-equivariance of the vector 
fields spanning T>g because, in this case, they are not necessarily G-equivariant. 

Proposition 3.4 If m and m! are in the same leaf of Do then <3? 9 (m) and $ ff (m') are in the same leaf 
ofT>c for all g 6 G. Hence there is a well defined action l:Gx M/Dq ~ > M/Dq given by 

%(3(m)) :=0($ fl (m)) 



For the proof see Propositions 15.11 and 15.31 

Denote by G p the isotropy subgroup of p G M/T>g for this induced action. If g G G p and m G 3~ 1 (p), 
then 

0(* fl (m)) = $ ff (2(m)) = $ g (p) = P = 3(m) 

and we conclude, as usual, that G p leaves 3~ 1 (p) invariant. Thus we get an induced action of G p on 
3~ 1 (p), which is free if the original G-action on M is free. 

Also, 3 l {p) is an initial submanifold of M since i t is a leaf of the generali zed foliation defined by the 
integrable distribution T>g- By Proposition 3.4.4 in lOrtega and Ratiu there is a unique smooth 



structure on G p with respect to which this subgroup is an initial Lie subgroup of G with Lie algebra 

0P = U G 9 I G T m d- X (p), for all m G 3~ 1 {p)}- 

In general, G p is not closed in G. 

Definition 3.5 Let (M, D) be a Dirac manifold with integrable Dirac structure D and G a Lie group 
acting canonically on it. Let P be a set and J : M — > P a map. We say that J has the Noether 
property for the G-action on (M, D) if the flow Ft of any implicit Hamiltonian vector field associated 
to any G- invariant admissible function h G G°°(M) preserves the fibers of J, that is, 

J o F t = J|Dom(Ft) 
where Dom(i^) is the domain of definition of Ft- 
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Like in the Poisson case (see Theorem 5.5.15 in Ortega and Ratiu ( 20041 )). one gets the following 



universality property. Note that if D n DC is spanned by sections with exact cotangent projections, 
i.e., by the family {(Xj,df) E T(D) | df E r(V°)}, then, by G-invariant averaging, it is spanned by 

{(X f ,df)eT(D)\feC°°(Mf}. 

Theorem 3.6 Let G be a symmetry Lie group of the Dirac manifold (M, D) and J : M — > P a function 
with the Noether property. Assume that D n DC -1 " is spanned by sections with exact cotangent projections. 
Then there exists a unique map (ft : M/Dq — > P such that the following diagram commutes: 



M ^P 





M/D 



If J is G-equivariant with respect to some G-action on P, then <f>G is also G-equivariant. If J is smooth 
and M/T>g is a smooth manifold, then (ftc is also smooth. 

For the proof, see Theorem 



Now we can generalize the optimal reduction procedure from Poisson manifolds (see lOrtega and Ratiu 



(2004), Theorem 9.1.1) to closed Dirac manifolds. As we shall see, with appropriately extended definitions 



this important desingularization method works also for Dirac manifolds. 

Theorem 3.7 (Optimal point reduction by Dirac actions) Let (M, D) be an integrable Dirac man- 
ifold and G a Lie group acting freely and properly on M and leaving the Dirac structure invariant. Assume 
that D n X^ is constant dimensional and let 3 '■ M — )■ M/Dq be the optimal (Dirac) momentum map 
associated to this action. Then, for any p E M/Dq whose isotropy subgroup G p acts properly on 3~ 1 {p), 
the orbit space M p = 3~ 1 (p)/G p is a smooth presymplectic regular quotient manifold with presymplectic 
form ujp E £l 2 (M p ) defined by 

(tt* p uj p ) (m)(X(m),Y(m)) = a m (Y(m)) = -(3 m (X(m)) (13) 

for any m E 3 l {p) and any X,Y E F(T>q) defined on an open set containing m, where a, /3 E T(V°) are 
such that (X, a), (Y, /3) E r(DnDC _L ), and ir p : d ^ip) — > M p is the projection. The pair (M p , D p ) is called 
the (Dirac optimal) point reduced space of (M, D) at p, where D p is the graph of the presymplectic form 

LOp. 

Note that if D is the graph of a Poisson structure on M, the distribution Go is {0}, all functions in 
C°°(M) are admissible, and we are in the setting of the Optimal point reduction by Poisson actions (see 



Ortega and Ratiul (|2004h . Theorem 9.1.1). 

Recall that, since D n %~ L is assumed to have constant dimensional fibers, one can build the reduced 
Dirac manifold (M, D) as in Theorem 12.71 The following theorem gives the relation between the reduced 
manifold M and the reduced manifolds M p given by the optimal reduction theorem. 

Theorem 3.8 If m £ 3 \p) f= M, the reduced manifold M p is diffeomorphic to the presymplectic leaf 
N through 7r(m) of the reduced Dirac manifold (M, D rec j) via the map O : M p — > N, ir p (x) t— > (tt o i p ){x). 
Furthermore, @*co^ = oj p , where oo^ is the presymplectic form on N . 

Example 3.9 Consider a closed Dirac manifold (M, D) and the trivial Lie group G = {e}. Then the 
trivial action of G on M is Dirac and its vertical space is just the zero section in TM. Thus, the 
intersection D n % ± is equal to D n {TM T*M) = D. The projection ir TM of D n X 1 - is hence just the 
smo oth distribution Gx, which is known to be completely integrable in the sense of Stefan and Sussmann 
fsee ICourantl (|l99Ch ). 



In this situation, we get consequently the leaves of the presymplectic foliation of the Dirac manifold 
(M, D) as reduced spaces and we recover also the statement of the preceding theorem in the case of a 
trivial action. 
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In the following, we will show how these results generalize to the non-free case. The main difficulty is 
the fact that the distribution % doesn't have constant rank in this case, and % and %' L are not necessarily 
spanned by sections that descend to the quotient. Also, the sets spanned by the pairs of vector fields 
and one- forms that descend to the quotient, and by the vector fields and one-forms that descend to the 
quotient and are G-invariant, are different, in general. Taking the intersection of the Dirac structures 
with each one of them yield two different singular foliations, that are related to the stratifications by 
orbit types, and by isotropy types, respectively. 



4. The optimal distributions 

From now on we assume that (M, D) is an integrable Dirac manifold and G a symmetry Lie group of D 
acting properly on M . Let 7 be the tangent distribution on M spanned pointwise by the vector fields 
that descend to M := M/G, i.e., 7 is the distribution spanned pointwise by 

F :={X G X(M) | X = X° + X v , with X G G X(M) G , and X v G T(V)} 
={X G X(M) | [X,T(V)} c r(V)}. 

We have shown in Jotz et al. (|2011bh that 7 is integrable and its leaves are the connected components of 



the orbit type manifolds. In the same manner, let 7q be the distribution on M spanned by the set Fq 
of G-invariant vector fields on M: 

Fq = {X G X(M) | = X \/g G G}. 

It is shown in lOrtega and Ratiu that this smooth distribution is also completely integrable in 



the sense of Stefan and Sussmann; its leaves are the connected components of the isotropy type man- 
ifolds. Note that the in tegrability of 7 follows from the integrability of 7q and Proposition 3.4.6 in 
Ortega and Ratiu (2004). In particular, both distributions coincide in the case of a free action. This is 



why the constructions made here simplify in a significant manner in this special case reviewed in Section 

m 

By the considerations at the end of Subsection 12.3.31 the generalized distribution T © V° G is the gen- 
eralized distribution spanned pointwise by the descending sections of Pm- The descending sections of D 
will be of great importance in the rest of this paper. These sections necessarily lie in D n (T© V^). 

In the free case, D n (7 © V G ) = D n which is assumed to be of constant rank. Since in the 
general case, 7 © V G does not have constant rank, it does not make much sense to assume that its 
intersection with D has constant rank. In the first subsection, we assume that D n (T© V G ) is spanned 
by its descending sections, as is required for the standard singular reduction (see Theorems 12.61 [275]) . We 
show that, under this hypothesis, the distributions are both algebraically involutive and the integrability 
of T>g follows from the integrability of D. In the second subsection, we conclude the integrability of Dq 
from an "exactness" condition. The proof is in the same spirit as the proof of the integrability of the 
characteristic distribution associated to a Poisson structure. 

Definition 4.1 Assume that Dfl (Tffi V G ) and Dfl (7g®Vq) are smooth generalized distributions. The 
smooth tangent distributions 

D :=n TM (pn(7®V° G )) and T) G := 7r TM (D n (7 G © V° G )) 

are called the orbit type optimal distribution and the isotropy type optimal distribution. 



4.1. The "locally finitely generated" assumption 

In this section, we assume that D n (7 © V G ) is spanned by its descending sections, hence it is 
smooth. Recall the notation % := V©{0}. We want to show that, under this assumption, T> and T)q are 
algebraically involutive. Furthermore, the integrability of Dq will be a consequence of the integrability 
of©. 
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Note that in the free case, we have D = Dq = 7Ptm(D D % ). If D n %^ has constant rank on the 
manifold M, it has the structure of a Li e algebroid and, by a standard result in ICourant (1990), D is 
completely integrable. The main result in lJotz et al.l ( 2011al ) implies that Dn%- L is then spanned by its 
descending sections, and hence T> has the same property. 

Lemma 4.2 If (X,a) and (Y, f3) are descending sections ofD, then the Courant bracket [(X, a), (Y, (5)\ 
is also a descending section ofD. 

Proof: Since D is closed, we have automatically 

[(X, a), (Y, p)\ = ([X, Y], £ x p - iyda) G T(D). 

The inclusion [[X, Y},T(V)] C r(V) is easy to see. Indeed if V is a section of V, using the Jacobi identity 
we get 

[[X,Y],V] = [[X,V],Y] + [X, [Y,V]] g r(V), 

since [[X,V],Y], [X, [Y,V]]eT(V). 

Next, we have to show that £xP ~ iyda is a G-invariant se ction of V° . Write X = X G + X v and 
Y = Y G + Y V with X G , Y G G X{M) G and X v , Y v G r(V) fsee ljotz et all l|2011bl )). For each £ G g we 
get 

(£ x (3 - iyda) (6/) = (ixdpXfa) + d(i X /9)(6f ) " (iyda) (Or) 

= x(p{£ M )) - ZmW(x)) - P([x,Sm]) + Zm{P(X)) 

- Y(a(£ M )) + iu{a{Y G + Y v )) + a([Y,£ M ]) 
= X(0) - £ M (p(X)) - + £m(/3(X)) - Y(0) + £ M (a(Y G )) +0 = 0, 

where we have used the the G-invariance of of the function a(Y G ), [X,V], [Y,V] G V for all V G V, 
and f3(V) = a(V) = for all V G T(V). Since the fundamental vector fields £m> (6 0, span r(V) as a 
C°°(M)-module, we get £xP — iyda G r(V°). It remains to show that £xP — iyda is G-equivariant. 
To see this, let £ G g and compute 

£^ M {£xP - iyda) = £^ M £ X P - £^ M iyda 

= £ [t,M,x}P + £ X £ Z M P ~ ' l [tM,Y] da - iy£^ M da = + - i^ MiY ]da - 0, 

since [£m,-^] G T(V) and /?, da are G-equivariant. Because [£m,Y] G r(V), we can write [£jvf, Y] = 
£ 1 1 /*4r with f 1 > • • • . e 5 and /a , . . . , f k G G°° (M) , and hence we have 

£ £m( £ xP ~ iyda) = ~H^ M ,y]d a = _i E?-i/^l f da 

k k k i i 

= - E /% d « = - E + E /* d (^ «) = - E /< • + E /* d (o) = °- 

Hence we have 



i=l i=l i=l i=l 



for all (eg. This yields ^^/^ (£x/3 ~ iyda) = £xP — iyda for all t G M and £ G g. Since G is a 
connected Lie group and hence generated, as a group, by exp g, the one-form £x(i — Wda is G- invariant. □ 

The following proposition shows the algebraic involutivity of T>. 

Proposition 4.3 Assume that Dn(T©Vg) is spanned by its descending sections. Let (X, a) and (Y,j3) 
be sections of D n (T© Vgr). T/ien the Courant bracket 

[(X,a),(Y,P)} = ([X,Y],£x/3-i Y da) 

is also an element o/T(D n (T© V£,)). tfence, G T(D) i/ien [X, Y] G r(D), and D is algebraically 

involutive. 
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Proof: Write (X, a) and (Y,(3) as sums 



k I 

(X, a) = J2 fi( X i, «i) and (Y, 0) = £ ft), 
i=l j=i 

with fi,...,f k ,gi,...,gi G C°°(M) and (Xl, ai), . . . , (X fe , a fe ), (Yi,/3i), . . . , (Yi, Pi) descending sections 
of D. Since 

[(X 1 ,a 1 )J(X 2 , a 2 )] = f[{X u a x ), (X 2 , a 2 )\ + X 1 (f)(X 2 ,a 2 ) 
for all (Xi,ai), (X 2 ,a 2 ) G T(D) and / G C°°(M), we get 

k I 

[(X, a) , (Y, ft] = £ fi & > «i) > E * . ft 
_i=i j=i 

= g [(X, ft)] " QjYjifiXXi, ai) + fiXiigj^Pj)) ■ 

This shows that [(X , a) , (Y, f3)] can be written as a G°° (M)-combination of the descending sections 
[{X j}aj ), (Xj, aj ), and (Yi,Pi) of D (i = 1, . . . , k, j = 1, . . . , I). The bracket [(X,a),(Y,p)] is 
thus a section of D n (T© V G ). □ 

We study now properties of the smooth distribution T>g- 

Proposition 4.4 If Dfl (Tffi V G ) is spanned pointwise by its descending sections, then Dn(7 G (BV G ) is 
spanned pointwise by its G-invariant descending sections and it is, in particular, smooth. 

Proof: Choose m G M, and 

(vmJm) S (Dn(T G ffiV^))(m) C (Dn(TffiVy)(m). 

Since Dfl(T© V G ) is spanned by its descending sections, we find a smooth section (X, a) of D n (Tffi V G ) 
such that the vector field X is descending, a G r(V°) G , X(m) = v m , and a(m) = l m . Since the 
action of G on M is proper, there exists a tube U for the action at m (see Theorem I2.4p . Assume that 
(X, a) is defined on the whole of U ; otherwise, multiply (X, a) by a bump function that is equal to 1 
on a neighborhood U\ C f7 of m, and equal to on the complement of a neighborhood U 2 of m with 
U\ C t/ 2 £ ^- Consider the G-invariant averaging {X g ,olg) a t J7i of the pair (X, a). Since (X, a) is a 
section of D n (Tffi Vg), the pair (Xq,oig) is also a section of this intersection, and we get 

X G (m) = X G ([e,0] H ) = [ T [hiO]H ^ h -iX([h,0] H )dh, 

Jh 

a G (m) = a G ([e, 0] H ) = / <X[h,o] B ° T [e,o] H $hdh, 

Jh 

where H = G m is the isotropy group of the point m. Note that X G (m) and a<3(m) only depend on the 
values of X and a at m, and thus, the multiplication with the bump function doesn't change the situation 
if the section (X, a) was not defined on the whole of U. Since a is G-invariant and H is the isotropy group 
of m, we have, in particular, a(m) o T m <&h = a{m) for all h G H (note that again, the multiplication 
with the bump function doesn't change anything). Thus, since [h, 0]h = [hh~ 1 ,h ■ 0]h = [e, 0]# = m for 
all h G H, we get 

X G (m)= [ T m $ h -iX(m)dh 
Jh 

and 

ctci 171 ) = / a(m)dh = a(m) = l m . 
Jh 
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Since X{m) = v m E 7g(m), it is tangent to the isotropy type manifold through m and hence, using 
Lemma 2.4 in Cushman and Sniatvcki ( 200ll ). we conclude that Xairn) = f„ T m <& h -iX{m)dh = X{m) = 



The section (Xq, o-g) is hence a G-invariant section of D n (7q n V° G ) taking the value (v m , l m ) at m.D 

Theorem 4.5 Assume that D n (T © V G ) is spanned pointwise by its descending sections. If T> is an 
integrable distribution, then Dq is also integrable. 

Proof: We have seen in the preceding proposition that D n (7q © Vq) is spanned pointwise by its 
G-invariant sections 

{(X,a) E T(D) | X E X(M) G and a E r(V°) G } . 

Let (X, a) be a descending section of D and <fi the flow of the vector field X. Since T> is integrable, we 
know that (fr^Y is is a section of D n (T© V G ) provided (Y, f3) is a descending section of D for all t for 
which (ftt is defined (see Theorem 12.11 about the integrability of smooth distributions spanned pointwise 
by families of vector fields). 

Consider, in particular, a G-invariant pair (X, a) of Dn (7q®V g ). Then (X, a) is a descending section 
of D and, denoting again by <j> the flow of X, we know that 0|Y is a section of D n (T© V G ) if (Y,(3) is 
a G-invariant descending section of D. But since X and Y are G-invariant vector fields, the flow (ft of X 
is G-equivariant and the vector field 4>\Y is, consequently, G-invariant. Let /3* be a section of V G such 
that ($T, /?*) E T(D n (7®V° G )). Since #Y E £(M) G , we even have (<%Y, E T(D n (T G © V&)), and 
hence c/)* t Y E T(2) G ). 

By Theorem 12. H we conclude that T>g is completely integrable in the sense of Stefan and Sussmann.D 
4.2. The "exactness" condition 

We make now another assumption: the intersection Dn (T© V G ) is spanned pointwise by its set of exact 
descending sections 

{(X f ,df) E T(D) I / E G°°(M) G , [X f ,T(V)] C r(V)} . 

We will show that the (isotropy type) optimal distribution is also integrable in this case. 

Theorem 4.6 If the generalized distribution D n (T © V G ) is spanned pointwise by its set of exact 
descending sections, then the distribution T)q is smooth and integrable. 

Proof: Since Dn (Tffi V G ) is spanned pointwise by its exact descending sections, we can show, as in the 
proof of Proposition 14.41 that D n (7q © V G ) is spanned pointwise by its exact G-invariant descending 
sections: choose m E M and (v m ,a m ) E (D n (7q © V G ))(m). Then (v m ,a m ) E (Dn (Tffi V G ))(m) and, 
by hypothesis, we find a smooth exact descending section (Xf,df) of D defined in a neighborhood of 
m and such that (Xf,df)(m) = (v m ,a m ). Consider the G-invariant average (Xg,ug) of (Xf,df) in a 
tube centered at m. The pair (Ig, ac) is a section of D because D is G-invariant. Since df E rCV°) , 
we find «g = df and hence (Xq, df) is a G-invariant descending section of D. Since v m E Tc(m), v m is 
tangent to the isotropy type manifold through m and we find 

X G (m) = / T m ® h -iX f (m)dh = / T m ® h -iv m dh = v m , 
Jh Jh 

where H = G m . Thus, (Xc,df) satisfies (Xc,d/)(m) = (v m ,a m ). 
Hence, the distribution T>g is spanned pointwise by the family 

F G := {X E X(M) G | there exists / E G°°(M) G such that (X,df) E T(D)} C X(M). 

We write Xf for a G-invariant vector field corresponding to the admissible function / E G°°(M). Let 
Xj be an element of F G and denote by 4> the flow of Xf. Let X 9 be an element of F G , corresponding 
to the admissible function g E G°°(M) G '. By Theorem 12 .2^ we know that (ffiXg, ffidg) is a section of 
D. Furthermore, since Xj is G-invariant, its flow 4>t is G-equivariant and thus, 4>%X g E 3£(M) G and 
cj)lg E G°°(M) G '. This shows that 4>\X g is an element of F G and hence that T>q is completely integrable 
in the sense of Stefan and Sussmann. □ 
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The following proposition is not needed in the rest of the paper; we add it here for the sake of 
completeness. 



Proposition 4.7 If the intersection D D (7q © V G ) is smooth, then it is spanned pointwise by its G- 
invariant descending sections. 

Proof: If m G M and (v m ,l m ) G Dn(T G ©V G )(m), then we find a smooth section (X, a) of Dn(T G ©V G ) 
defined on a neighborhood U' of m in M such that (X(m), a(m)) = (v m , l m ). Let H = G m be the isotropy 
group of the point m and let U be a tube for the action of G at m; assume that (X, a) is defined on the 
whole of U (otherwise, we multiply (X, a) with a bump function as in the proof of Proposition 14. 4p , The 
average (Xq, «g) is a G-invariant section of D n (7q © ^g)> nence a G-invariant descending section of D. 

As in the proof of Proposition 14.41 we deduce that Xaim) = X(m) = v m . Since a is a section of V G , 
it can be written as a = Y^i=ifi a ii where fa G C°°(M) and on G r(V°) G . Again, as in the proof of 
Proposition 14. 4| we compute 

a G (m) = ^2 fi(hm)a>i(hm) o T m $ h dh = ^ / fi( m )o-i( m )d h = ^ fi( m ) a i( m ) = a ( m ) = l m- 

1=1 ^ H i=l ^ H 8=1 

Hence, we have found a smooth G-invariant descending section (Xg,«g) of D taking the value (v m ,l m ) 
at the point m. □ 

Remark 4.8 Let (M, {• , •}) be a smooth Poisson manifold with a canonical and proper smooth action 
of a Lie group G on it. Let D be the Dirac structure associated to the Poisson bracket on M. Since V G 
is generated by the differentials of the G-invariant smooth functions, the intersection D n (TM © V G ) is 
spanned pointwise by the pairs (Xf,df), where / G C°°(M) G . The vector field Xf corresponding to a 
G-invariant function / G C°°(M) G is G-invariant and we get 



D n {TM © V° G ) = D n (Tffi V° G ) = D n (7 G © v° c 



Gh 



which is spanned by its exact G-invariant descending sections. Hence, we are now in the situation of 
the exactness condition; the distributions T>g and D are equal and completely integrable in the sense of 
Stefan and Sussmann. A 



5. The optimal momentum maps 

In this section, we define the two optimal momentum maps and show that there is an action of the Lie 
group on the leaf spaces of the two distributions, such that the momentum maps are G-equivariant. We 
study also the isotropy subgroups of these actions. 

Assume that the distributions T> and Dq are spanned pointwise by their descending sections and are 
completely integrable in the sense of Stefan and Sussmann. Let 3 '■ M — > M/T> and 3g '■ M — > M/T>q be 
the projections on the leaf spaces of T> and T>g, respectively. The map 8 (respectively 3g) is called the 
(orbit type) Dirac optimal momentum map (respectively the (isotropy type) Dirac optimal momentum 
map). In this section, we will study these two momentum maps separately. 

5.1. The orbit type Dirac optimal momentum map 

We construct an optimal momentum map induced by the distribution D. 

Proposition 5.1 If m and ml are in the same leaf of T) then <l? 9 (m) and $ g (m') are in the same leaf of 
T> for all g G G. Hence there is a well defined action l:Gx M/D — > M/T> given by 

* g (3(m)) := 3($ g (m)) (14) 
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Proof: Let m and m! be in the same leaf of D. Without loss of generality, we can assume that there 
exists a vector field X £ T(D) with flow (f) such that </>t(m) = m' for some i (in reality, m and m' can be 
joined by finitely many such curves). Since (X, a) £ r(Dn(T©V G )) for some a £ r(V G ) and Dn(T©V G ) 
is G-invariant, it follows that ($*X,$*a) £ T(D n (T © Vq)) for all g e G. Hence, £ r(D) for all 

<? £ G. For all s £ [0, t] we have 

^ (d> 9 o S ) (m) = T Mm) $ g (X(Mm))) = ^^(^(m))) £ D((# s o &)(m)). 

Thus the curve c : [0, i] — > M, s i— )• (<£> s o </> s ) (m) connecting c(0) = $ g (m) to c(t) = $ g (0t(m)) = $ ff (m') 
has all its tangent vectors in the distribution D and hence it lies entirely in the leaf of T) through the 
point 3> s (m). □ 

Denote by Gip) the isotropy subgroup of p £ M/D for this induced action. If g £ Gr p \ and m £ # _1 (/o), 
then 

0($ ff (m)) = * ff (0(m)) = = p = a(m) 

and we conclude, as usual, that Gr p \ leaves d~ 1 (p) invariant. Thus we get an induced action <3>( p ) : 

G {p) xr l {p)^r 1 { P ). 

Since T> is, by definition, a subdistribution of the integral tangent distribution T, each leaf of T> is be 
contained in a leaf of 7. Since the leaves of 7 are the connected components of the orbit type submanifolds 
of M, the induced action of G( p ) on has isotropy subgroups that are conjugated in G for each 

p £ M/Dq, as is shown in the next proposition. 

Proposition 5.2 Let be a leaf of T) and m £ 3~ 1 (p)- Then the isotropy subgroup [G^j of m 

by the action of Gi p \ on d l {p) is equal to the isotropy subgroup G m . Hence we have the inclusion 

U G m Q G {p) . 

3(m)=p 

Proof: Choose m £ and g £ (G( p )) . Then we have g • m — ?tz, which leads to g £ G m . 

Conversely, choose g £ G m and compute 

= i fl (3(m)) = 3(g ■ m) = 3(m) = p. 

Thus, we have shown that g £ Guy But since g ■ m = m, we have in particular g £ (Gt p )) m - ^ 

We will see later that the isotropy subgroups of the action of Gr p ) on 3~ 1 (p) are conjugated in Gr p )- 

In general, the action of Gr p ) on 3~ 1 (p) is not proper. A sufficient condition for this is, for example, 
the closedness of Gr p \ in G, which is not true, in general. 

5.2. The isotropy type Dirac optimal momentum map 

The optimal distribution T>q gives rise to a second Dirac optimal momentum map. The results are 
analogous to those in the previous subsection. 

Proposition 5.3 If m and m' are in the same leaf ofT>c then $ 5 (m) and <& 5 (m') are in the same leaf 
ofDc for all g £ G. Hence there is a well defined action $:Gx M/Dq — > M/Dq given by 

**(0G("»)) == Sa^gH) (15) 

Proof: The proof is almost identical to that of Proposition 15.11 The only difference is that we have to 
consider the flow of X £ T(T>g)- Then we use G-invariance of the distribution D n (7q © Vq). □ 
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Let G a be the isotropy subgroup of a G M/Dq. Then there exists a unique smooth structure on G a 
with respect to which G a is an initial Lie subgroup of G; the Lie algebra of G a is 

8a := {£ G | £Af(m) G 2) G (m), for all m G ^(V)} 

(see Ortega and Ratiu ( 20041 ) . Proposition 3.4.4). In particular 



dimflo- = dim(V(m) n T>G(m)) + dimG m , for any m G 3 G 1 (cr). (16) 

Indeed, the surjective linear map £ G Q a £m(wi) G V(m) n Dc( m ) has kernel {£ G g | £m(wO = 0}. 

Since G CT leaves 3g 1 (c) invariant, we get an induced action of G a on ^g 1 (c). Since C 7 G , the 
points of 3(j 1 ( CJ ) are an m ^ ne same connected component of an isotropy type submanifold of M and 
hence G m = H a for all to G 3q X ( a ) an d some compact subgroup H a C G. 

Proposition 5.4 Let 3~q~{o~) 6e a leaf of Dq and to G 3^. 1 (cr). TTie isotropy subgroup (G a ) m of m by the 
action of G G on 5^ 1 (c) is equal to the compact subgroup H a which is automatically a subset of G a . 

Proof: Here also, the proof of the analogue in the orbit type case (Proposition I5.2j) can be adapted to 
this particular situation. □ 

With this last proposition, we can show the missing detail in the preceding subsection. 

Proposition 5.5 Choose p G M/T) and let Gr p \ be its isotropy subgroup by the action of G on M/D. 
Then we find for all m,m' G 5 _1 (p) an element g G Gu) such that G m = gG m ig~ l . 

PROOF: We have D G C D C V + D G , by definition. For m G M, the leaf 3 -1 (p) of D through m is thus 
contained in G ■ Sq 1 ^), where a = ddjn) and p = dim), and the leaf 5g 1 (o") is contained in 3^ 1 (p). 

Choose m! G 3 _1 (p). Then m' can be written as m' = gm" with m" G ^ and g £ G . 

Then we have G m / = gG m ng~ l . But since to" is an element of 3q (3 g(^)) != -^G m! we have G m » = G m 
and hence G m ' = gG m g~ l . Furthermore, g ■ p = g ■ 3{rn) = g • 3{m") = 3 (<? ■ to") = 0(m') = p, which 
shows that g G G(p)- □ 



5.3. Universality of the optimal map do under the exactness condition ( §4.2fr 



We assume here that the intersection D n (7 © Vq) is spanned pointwise by its set of exact descending 
sections 

{(X f ,df) G r(D) I / G C°°(M) G , [X f ,T(V)] c r(V)} . 

We have shown in Subsection 14.21 that the distribution Dq is then completely integrable in the sense of 
Stefan and Sussmann. Hence, the isotropy type optimal momentum map is defined. 

Note that in this particular case, the smooth distribution T>g is spanned pointwise by the following 
family of vector fields: 

3" = {Xf G X(Mf | (X f ,df) G r(D), / G C°°(Mf}, 

and its leaves are hence the accessible sets of this family of vector fields. Using this, we prove a universality 
property of the isotropy type optimal momentum map. This theorem suggests that the isotropy type 
optimal momentum map should be the more "natural" one, provided that the exactness condition above 
is satisfied. Recall that in the Poisson case, th e optimal distribution is always spanned by the family 3", 
and the following statement is hence true (see Ortega and Ratiu ( 20041 )). 



Theorem 5.6 Let G be a symmetry Lie group of the Dirac manifold (M, D) and 3 : M — > P a function 
with the Noether property (see Definition V3. 5\) . Then there exists a unique map §q : M/T>g — > P such 
that the following diagram commutes: 

M >P. 

"^^Nx /fa 

M/V G 
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If J is G-equivariant with respect to some G-action on P, then <pQ is also G-equivariant. If J is smooth 
and M/T>g is a smooth manifold, then 4>q is also smooth. 

Proof: The proof is the same as for Poisson manifolds (see Ortega and Ratiu ( 20041 ) . Theorem 5.5.15). 
Define <f> : M/Dq — > P by (j>(p) '■= J(m), where p = £f(m). The map <f> is well defined since if m' E 3 l {p), 
then there is a finite composition F of flows of elements of 3~ such that ml = F(m). Since J is a Noether 
momentum map we have 

J(m') = J(F(m)) = J(m) = <p{p). 

The definition immediately implies that the diagram commutes. Uniqueness of (ft follows from the re- 
quirement that the diagram commutes and the surjectivity of 3- Equivariance of <p is a direct consequence 
of the definition (|15p of the G-action on M/T>g- Finally, if all objects are smooth manifolds and 3, J 
are smooth map s then is a smooth map as the quotient of the smooth map J by the projection 3 (see 



.aps 

m 



Bourbaki (1963)). □ 



6. Optimal reduction 



In thi s section we generalize the optimal reduction theorem for Poisson manifolds (see lOrtega and Ratiu 



Theorem 9.1.1) to closed Dirac manifolds. As we shall see, with necessary assumptions and ap 



propriately extended definitions, this important desingularization method works also for Dirac manifolds. 

We shall assume throughout this section that the distributions D (respectively Dq) are spanned point- 
wise by their descending (respectively G-invariant) sections and are completely integrable in the sense of 
Stefan and Sussmann. Recall from Subsection 12.1.21 that their leaves are then the accessible sets of these 
special families of vector fields. 

As we have seen above, there are two optimal momentum maps that we can consider. We have hence 
two optimal point reduction theorems. We will also prove an orbit reduction theorem and shall see that 
the two optimal momentum maps give rise to the same orbit reduction theorem. At the end of this section 
it will be shown that the three optimally reduced manifolds at d(jn) and 3G( m ), f° r a point m E M, are 
isomorphic presymplectic manifolds. 



6.1. The reduction theorems: Optimal point reduction by Dirac actions 

Let (M, D) be a smooth integrable Dirac manifold and G a Lie group acting smoothly and properly 
on M and leaving the Dirac structure invariant. Assume that D n (7 © Vq) is spanned pointwise by 
the descending sections of D and that D is integrable. Let 3 : M — > M/D be the orbit type Dirac 
optimal momentum map associated to this action. If p E M/D, denote by ir p ) : 3~ 1 (p) > M the regular 
immersion. Recall that 3^(p) is an initial submanifold of M. 

Theorem 6.1 For any p € M/D with isotropy subgroup G( p ) acting properly on 3~ 1 {p), the orbit space 
Mi p \ := 3 1 (p)/G^ is a regular quotient manifold such that the projection tt^ : 3^ 1 {p) Mr p \ is a 
smooth submersion. Define u)r p \ G VL 2 [M^-^ by 

(m)(v m ,w m ) := a t(p)(m) (Y(i (p) (m))) = -f3 i(p){m) {X{i {p) {m))) (17) 

for any m £ 3^ 1 {p) and any X,Y G r(D) defined on an open set around Lr p \(m), where (A, a), (Y,j3) E 
T(D n (T© Vq)) are such that T m i^v m = X(i( p )(rn)) and T m ii p \w m = Y{ii p \{m)). 

Then (Mr p \,cjr p \) is a presymplectic manifold. The pair (Mr p \,Dr p \) is called the orbit type Dirac 
optimal point reduced space of (M, D) at p, where Dr p \ is the graph of the presymplectic form W( p )- 

Since D n (T © V G ) is spanned pointwise by its descending sections and D is integrable, T>q = 
ittm (D H (7q © Wq)) is spanned pointwise by its G-invariant descending sections and is completely inte- 
grable in the sense of Stefan and Sussmann by Proposition 14.41 and Theorem 14.51 Let 3g '■ M — > M/Dq 
be the isotropy type Dirac optimal momentum map. For a G M/T) G , denote by i a : ^V) ^ M the 
regular immersion. 
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Theorem 6.2 For any a G M/Dq with isotropy subgroup G a acting properly on Sq (&), the orbit space 
M a := $~^}~(o-)/G a is a regular quotient manifold such that the projection ir a : _1 (<r) — > M CT is a smooth 
submersion. Define uj a G il 2 (M CT ) fry 

(tt*^) (m)(u m ,u> m ) := a t(r ( m )(K(t CT (m))) = -/3 t(T ( m) (X(i CT (m))) (18) 

/or any m G cJ -1 ^) aw/ £ IX^C?) defined on an open set around L^{m), where (X, a), (Y,/3) G 
T(D n (Tg © Vq)) are suc/i i/iai T m L a v m = X(i a (m)) and T m i a w m = Y{i a (m)). 

Then (M CT , oj a ) is a presymplectic manifold. The pair (M a , D CT ) is called the isotropy type Dirac optimal 
point reduced space of (M, D) at a, where D a is the graph of the presymplectic form u a . 

PROOF (of Theorem 16. Recall the notation <&W : Gi p \ x cJ _1 (/°) — > for the restriction of the 

original G-action on M to the Lie group Gi p \ and the manifold 3~ l (p). Since the G( p ) -action on 3 _1 (p) 
is, by hypothesis, proper and its isotropy subgroups are conjugated by Proposition 15. 5| the quotient 
M(p) := d {p)/Gi p \ is a regular quotient manifold and the projection irr p \ : — > 3~ 1 (p)/G^ is a 
smooth surjective submersion. 

We show that ojr p \ given by (fTT|) is well-defined. Let m, w! G 3~ 1 {p) be such that 7T( p )(m) = 7T( p )(m') and 
let v,w G T m 3~ 1 (p), v',w' G T m /<J _1 (p) be such that T m u: (p) {v) = T m /7r (p )(?/), T m 7r (p )(w) = T m ,-n: (p) {w'). 
Let (X,a),(X',a'), (K',/3') be sections of Dfl (7® V° G ) such that 

X(L^m) = T m L {p) v, X'(^ p) (m')) = T m ,L^v', 
Y (Hp)( m )) = T mt-( P )W, Y'(L( p) (m')) = T m ,i {p) w'. 

The condition 7T( p )(m) = TT( p )(m') implies the existence of an element g G G( p ) C G such that m! = 

&g P \m). We have then 7T( p ) = 7T( p ) o <3>^ and thus T m TT^ = T m m^ o T m $>g. Furthermore, because of 
the equalities T m 7r {p) (t;) = T m nr^(v'), T m Tt^(w) = T m /7r {p) (-u/), we have 

T m ,K {p) (T m $<>) (u) - t/) = and T m ,7r (p) (T m $W (w) - «/) = 

and there exist elements £ , £ 2 G g such that CM( L (p)( m '))^M{ l '(p)(' m ')) G ^ , ( i (p)( m '))) 

" r i(p)(m )# s (X( t(p) (m))) =T t(p)(m0 K - T m *W(«)) = r^^eJ-^jCm') = ("0) 

and 

y(^)W) - r tw(m) ^(y(t(p)(m))) =r t(p)(wi /)(ti/ - r m $^H) = r^^^^Cm') = &fyp)("0), 

where we have used the equality bip\ o $^ = <& g o . This yields 

XV) = ((VO**) (»') + &(*0 and y V) = ((VO*^) («') + &("')> 

where we let n := i/ p -j(m) and n' := L/p\{m'). Since (X',a') and (($ ff -i)*Y, (<J> 9 -i)*/3) are sections of D in 
a neighborhood of the point n' , we have 

((vra(i') = -«'((vr y ). (is) 

and thus we conclude 

W(p) (vr (p) (m')) (T m /vr (p) («') , T m / vr (p) (u/)) = (^^(p) ) ("»') (i/, «/) 

= a'(n')(Y'(n')) = a'(n') (((V 1 )*^ (»') + &("')) 
=a'(n') (»')) +«V) (&(n0) 

( = } a'(n') (n'))^-((V0^)K)(^'M) 
= - ((VOW) (((V 1 )**) («0 + &(»')) 

( = } - ((VO^)M (((V 1 )**) (»')) = -WW*)) 
= (""(p) ( m )) ( r m7T(p) («) , ^mvr (p ) H). 
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For the equalities (*), we use the fact that a' and 3>*_i/3 are sections of V°. 

Finally, we show that ut p -\ is closed. Let m G and choose X,Y,Z G X(3 _1 ( / o)), defined on a 

neighborhood of m in d^ip)- Then there exist sections (X,a), (Y,f3), (Z,<y) G r(Dn (T© V° G )) defined 
on a neighborhood of Lr p \ (m) in M such that 



X ~Hp) X > Y ~Hp) Y > and Z ~Hp) Z - 



Since [X,F] ~ t(p) [X,y] and 

we have (by definition (fT7|) ) 

vr ( > (p) )([X,y],Z 



([x,y],£ x /3-i y da) er(D), 

- 7 ([X, y]) o t(p) = (£ x /3 - i Y da) (Z) o t(p) . 



(20) 



Thus, recalling the definition ([IT]) , we get 

d(^ (p) ) (x,y,z) = x [(^ (p) )(y,z) 



y 



7T 



( > (p) )(X,Z)_ 
+ Z [(ir* {pnp) )(X,Y)\ - (nl p) u {p) ) ([X,y],Zj 

+ Kp)^(p)) (M.*) " Kp)^(p)) (M,* 

# X [/3(Z) o t (p) ] + y [ 7 (X) o Hp) ] + Z [a(Y) o i{p) ] 

+ 7 ([X, y]) o i{p) + (£ x7 - i z da)(Y) o t(p) + a ([y, Z]) o o (p) 

x [p{z)\ + y [ 7 (x)j + z [a(y)] + 7 ([x, y]) - 7 ([x, y]) 

+ X [ 7 (y)] - Z [a(y)] + y [a(Z)\ + a([Z,Y]) + a([Y, Z})) o i(p) 

x + 7 (y)] + y [ 7 (x) + a(z)]) o Hp) = o, 

where we used the fact that 7 (X) + a(Z) = and j(Y) + /3(Z) = (this follows directly from 
(X, q), (y, f3), (Z,j) G r(D)). Thus, 7r^da;( p ) = d(7T? nU;^)) = and, because tt^ is a surjective submer- 
sion, this yields dw( p ) = 0. Therefore, W( p ) is a well-defined presymplectic form on M( p ). □ 

Theorem 16.21 has a similar proof. 
6.2. Optimal orbit reduction 

Let (M, D) be a smooth integrable Dirac manifold with a smooth and proper canonical action of a Lie 
group G on it. Assume that the same conditions on D n (T © Vq) as in the preceding subsection are 
satisfied. Let 3 ■ M — > M/T>, 3g '■ M — > M/T>g be the optimal momen tum maps. Consider the 
distribution Dq + V C TM. By Proposition 3.4.6 in [Ortega and RatiiJ (12004! ) . it is integrable. Since G 
is connected, the leaves of Dq + V are the sets G • ^V) = G - for any m G H^V) (recall 

that C G ■ f °r any m G 3,5 V))- Th e leaves of £> G + V are initial submanifolds of M; 

that is, the maps : G • 0q 1 (<t) c -> M are regular immersions for all a G M/Dq- 

Lemma 6.3 Choose a G M/T>g such that the action of G a on Sq 1 ^) is proper. The integral leaf 
G ■ Sq 1 (c) of T>g + V is diffeomorphic to the regular quotient manifold 

Gx Ga d G \a) := (Gxa G V)) /G a , 
where the action A a of G a on G x 3 ( ^ 1 (o") is the twisted action 

A a : G CT x (G x 0gV)) -> Gx a G V) 
(h,(g,m)) i ^ (gh^.h-m). 
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Remark 6.4 The properness of the action of G CT on G x J g 1 (<t) follows from the properness of the action 
of G CT on a G V)- ' A 

Proof: Define F : G x G(T a^H ") -> G ■ ^gV) b Y ^(MgJ = gx £ G ■ 3 G l (v). The map F is well- 
defined. To see this, note that if [g, x] Ga = [g',x'] Gtr , then there exists h G G a such that g' = ghr 1 and 
x' = hx. But then we have F([g', x'] Gcr ) = g'x' = ghr x hx = gx = F([g, x\ GtT ). 

The inverse of the function F is given by F -1 : G • G 1 (o') — > G x Gct 3 G (cr), F~ 1 (g ■ x) = [g,x] Gcr 
for any g ■ x G G • ^^((t). Indeed, F _1 is well-defined since = g'x' for x,x' G 3g 1 ( cj ) ano - 9^9' ^ G 
implies _ V G G a by definition of G CT and hence [g',x'] GiT = \g' {g~ l g')~ l , {g~ l g')x']G a = [g,x] GlT . We 
have obviously F o F -1 = Id G g-i^ and F _1 o F = Id GxG g- 1 ^)- 

It remains hence to show that F and F _1 are smooth functions. We use the commutative diagram 

Gxa G V 




cx Gct a G V 

for the smoothness of F. Recall that G • G 1 (<r) is an initial submanifold of M because it is a leaf of the 
integrable tangent distribution D G + V, that is, the inclusion t G)(7 is regular. The map ^| Gx <j-i( CT ) = ^ 

(Hg xv) : G x a G 1 (o") — > M is smooth. Since its image is G-$ G l {o), the map $ : Gx 3 G l {<j) — > G-^ G 1 {a) 
defined by $(<?, m) := <!>(<?, m) for all 5 G G, m G a G 1 (c), is well defined and it is smooth because i GjC7 is 
regular. Therefore F is smooth by the properties of the quotient map ir G(T . 

To show that F _1 is smooth we shall prove that dim (G x Gct Sq 1 ^)) = dim (G • a^V)) and tnat 

T nGa (9,m) ( L G,a o F) : r ffo<r(ffjTO ) (G x Gct a G V)) -)• r tG (T(F(9im)) M (21) 

is injective. Indeed, if this is known, then F is a bijective smooth map which is a local diffeomorphism, 
hence a diffeomorphism. 

Since a G 1 (c) is a leaf of T) G , we have dima G 1 (o") = dimD G (m), for any m G d G l (cr). Therefore, since 
the G CT -action on G x a G 1 (f) is free and proper, using (fl6]) . we have 

dim(G x Gct d G l (a)) = dimD G (m) + dimG- dim G CT 

® dimD G (m) + dimG - dim(V(m) n T> G (m)) - dimG m 
= dim(D G (m) + V(m)) — dim V(m) + dimG — dimG m 
= dim(£ G (m) + V(m)) = dim (G • a G V)) . 

Next we show the injectivity of (j2Tj) . Let T(g^7r GtT (v g ,w n ) G T^ Q (G x G(T a G 1 (c)) be such that 
T %Ga ^g, n )F (Tfa n )irG< r (v g ,w n )) = 0. From the diagram it follows that = T { g^{vg, w n ) = T g $ n (v g ) + 
T n Q g (w n ), where $ n (/i) := h ■ n, for all h G G. Therefore, choosing £ G 53 such that v g = T e L g ^, where 
L g (h) := gh, for all h G G, we have 



Hence w n = — £m (^) G V(n) n D G (n) which implies that £ G CT by (fTB]) . Thus exp(i£) G G,j for small \t\ 
and we get 

7TG CT (sexp(^),exp(-i0 • n) = 

t=o 



^n^Ga^Wn) 



(it 

which proves the injectivity of (|2ip . □ 

A leaf G • d G (&) of T) G + V is contained in Mm), where H C G is the compact subgroup such that 
G 1 (c) f= Mff. The induced action of G on G • a G 1 (c) has hence conjugated isotropy subgroups. Using 
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the fact that the topology on G ■ 3 G l { a ) is stronger that the topology induced on it by the topology of 
M, it is easy to show that the action of G on G ■ 3q (a) is proper. 

We have the following Dirac Optimal Orbit Reduction Theorem, which is proved in the same manner 
as Theorems 16,11 and 16.21 



Theorem 6.5 Let a 6 M/T>g- The orbit space := (G ■ 3 G l { (T )) /G is a regular quotient manifold 
such that the projection ir : G ■ 3 l {o~) — > is a smooth submersion. Define oj^ E (-M^*) by 



(it*ujC) (m)(v m ,w m ) = a(Y) (t ffjG (m)) = -p(X) (t ff>G (m)) 



(22) 



for any m £ 3 and any 1,7 6 F(T>g) defined on an open set around L a) G( m )> where (X, a), (Y, j3) G 
T(D n (7g © V G )) are such that T mta,GVm = (X + Vi)(L^ G (m)) and T m i a £W m = (Y + ^(^(m)) for 
some smooth sections V\,V2 G r(V). 

Then (Aff is a presymplectic manifold. The pair (M^, D^) is called the Dirac optimal orbit 
reduced space of (M, D) at a , where is the graph of the presymplectic form . 

6.3. Comparison of the three methods 

We show next that if the hypotheses of Theorems 16.11 16.21 16.51 hold, then the three methods yield the 
same reduced objects. 

Theorem 6.6 Choose m £ M and set a := 3G{ m ), P := 3(jn)- Assume that the three optimal reduced 
Dirac manifolds (M CT ,D CT ), [Mu\, Dtp)), and {M^ , D^J are defined. The reduced presymplectic spaces 
(M a ,oj a ), (M( p \,oj(p\) , and(Mp,u}p) are presymplectomorphic. 



Proof: Define the maps 

: M$ — > 

(TToir Ga )(g,m) i — > 

by the following commutative diagrams. 



TT a (m) 



and 



e 



ir a (m) 



(vr o l$) (m) 



Gx3 G \a) 



G-Sg 1 ^) 



M? 




r G \o-) 



3 G \o-)^G-d G \o- 



>G 
jr. 



(-> 



m9 



We use the diagrams to check that the maps ^ and are inverses of each other and hence both bijective. 
Indeed, for all (g,m) G G x 3 G 1 ( <T ) we have 

(6 o *)((tt o WG a )(g,m)) =e(7r CT (m)) = (tto^) (m) = ix(g-m) = (vr o vr G J m), 

and for all m G 5 G 1 (o"), 

(*oG)(7r ff (m)) = * (vro^(m)) = * ((?r o 7r G J(3,m)) = ir a (m). 

The diagrams are also used to show that both maps are smooth. The equality 

^ O TT O TT Ga = TT a O p 2 

shows that is smooth, since 7r CT o p 2 is smooth and ir o 7Tg ct is a smooth open map. The equality 

o IX „ = TT o L 



G 
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shows that is smooth since ir a is a smooth open map and ir o is smooth. 
We define in the same manner the maps 



A : M t 



(p) 



(tt o i)(m) 



by the following commutative diagrams. 



and 



vr CT (m) 



Mi 



(p) 




M 



Hp) 



r G \a) 



M n 



t (p) 



■ M, 



(p) 



We have then the commutative diagram 



Mi 



M n 




(p) 

A X, f 6 

which shows that $ and A are bijective. We have A -1 = $ o $ and <I )_1 = $oA. Thus, we have only 
to show that A and $ are smooth. But using the commutative diagrams, we get A o w/ \ = tt o l. In 
addition, using v^q o l = tr p \ and smoothness of ir p \, we conclude the smoothness of t since is a 
regular immersion. The map tt o t is consequently smooth and A is thus smooth because tt^ is a smooth 
open map. 

Analogously, we have §oTr a = ir^oL a ^ p . An argument similar to the one above shows that the inclusion 
t CTjP is smooth. Thus, <3? is smooth, using the fact that ir a is a smooth open map. 
Finally we prove the equalities 



(p) 



r , and A*lj% 



(p) 



which immediately imply that O preserves the presymplectic forms: 



e*o£ = OarT< = (A o $)*u£ = $*A*u£ = = 

Choose m G tJ^ 1 ^) an( ^ vec tors v,w £ T m $^}(a). Then there exist G-invariant descending sections 
(X,a) and (Y,/3) of D such that T m t a v = X(t CT (m)) and T m i a w = Y(L a (m)). We have 

(K®* u (j>)) (m)(v,w) = (CpTo,) w (p)) M(v>«0 = (^(^(p)) (iff,p(m))(T m 4 ffj pt;,r m 4 .,p«;). 
T i a , P {m)Hp)T m ^, P v = T m i a v = X{b a {m)) = X((l {p) o t <T)P )(m)) 



Since 
and 



^W'trt^^pW = I^^-u = y(t ff (m)) = Y({l {p) o t (j! p)(m)) ; 
formula (|17|) and the fact that (X, a) and (Y, /3) are descending sections of D, imply 

(K®*U(p)) {m)(v, w) = (a(Y) o i {p) ) (i a , P {m)) = (a(Y) o t(J ) (m) = (ir*u; a )(rri)(v, w), 
i.e., 7r*$*o;(p) = n*u) a . Since 7r CT is a smooth surjective submersion, the equality 3>*W(p) = is proved. 
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Next, we prove the equality A*u G = um. Choose m £ 3~ l {p) and v,w 6 T m 3^ 1 (p). Then there 
exist descending sections (X, a) and ( Y, /?) of D defined on a neighborhood of (m) in M such that 
T m Lr p )V = X(Lfp\(m)) and T m Lr p \w = Y(ir p \(m)). Since X and Y are descending vector fields, they can 
be written X = X G + V and Y = Y G + W with X G ,Y G £ X(M) G and V, W £ T(V). Assume that (X, a) 
and (Y,(3) are defined on a whole tube £7 for the action of G at ir p \(m); otherwise, we multiply (X, a) 
and (Y,/3) with a bump function that is equal to 1 on a neighborhood U\ C. U of i( p )(m), and equal to 
outside from a neighborhood t/2 of L( p ){m) such that Lq C {7 2 £ i7. 

Consider the G-invariant averages (X G ,a G ), (Y g ,/3 g ) G T(D) of (A", a) and (Y, /3) at ii p \{m) =: n. We 
have, with = G n , 

X G (n) = f (T n <S> h -,X G {n) + T n $ h -iV(n))dh = X G (n) + V G (n) = X(n) + (V G - V)(n) 
Jh 

and 

ct G {ri) = I a(h ■ n) o T n <&hdh = a(n). 
Jh 

Hence, the sections (X G ,a G ) and (Y G , /3 G ) are G-invariant descending sections of D such that 

= X(n) = X G (n) + (V - V G )(n) = (X G + (V — V G )){t^ G (i(m))) 

and analogously 

(T m iw) = {Y G + (W -W G )){i^ G (i{m))). 
We get, using this and definitions ([22]) and (fT7|) 

(tt^A*^) (m)(«,«;) = (t*7r*a£) (m)(«,«;) = (tt*u£) (i(m))(T m tu,r m t«;) 

1 P-/3 G (X G )(, (7 , G ( i (m))) = -/3 G (X G + (V - V G ))( i(p) (m)) 
= -/3 G (n)(A G (n) + (V - V G ){n)) = -(3(n)(X(n)) 

= -/3(A")(t(p)(m)) ^ ( 7r ( P ) a; (p)) 
that is, 7T? p ~.A*u) G = irfsU^y Since 7T( p ) is a smooth surjective submersion, we conclude A*ui G = oj( p y □ 

6.4. Reduction of dynamics 

In this subsection, we write {• , •} for the Poisson bracket {• , -}d on the admissible functions of (M, D). 
We assume that the hypotheses of the preceding subsections are satisfied and study the reduction of 
dynamics. 

Theorem 6.7 Let (M, D) be a smooth Dirac manifold with a proper Lie group action, such that the 
orbit optimal momentum map 3 is defined. Choose m £ M such that Gt p \ acts properly on 3 (p), 
where p = 3(jn). Let h £ C°°(M) G be a G-invariant admissible smooth function on M defined on a 
neighborhood U of m in M. Then: 

1. There exists a G-invariant vector field Xh defined on U such that (Xh,dh) is a (G-invariant de- 
scending) section o/D. 

2. The flow <f> of X^ commutes with the G -action and leaves 3~ 1 (p) invariant. Thus it restricts to a 
flow 4> on 3~ 1 (p), that is, with 4>t L( p ) = L( p ) <fit for all t Gt where the left hand side is defined. 
The flow (j) commutes then with the G( p y action and induces therefore a flow (f)^ on Mc p \ uniquely 
determined by the relation nr p \ o (j) t = o nr p ) for all t GK where the left hand side is defined. 
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3. The vector field X^' defined by the flow <f>^ on Mr p \ is a section of G f ; more precisely, we have 

(x { h p \dh {p) )eT(D {p) ), 

where h^ is the smooth function on defined by h^ o nr p \ = ho i, p \ . 

4- Let k G G°°(M) G be another admissible function, and {•, the bracket on admissible functions 
on Mt p \ defined by D( p ). Then we have 

({M})( P ) = { h (p)> k (p)}(p)> 

where the function ({h, &})( p ) is defined by 

({M})( p) °7T(p) = {h,k} O L {p) . 

This makes sense because {h, k} = —Xh(k) is G-invariant. 

Proof: Since h is admissible, there exists a vector field X such that (X, dh) is a section of D. The 
one-form dh is a G-invariant section of V°. Consider the G-invariant average (Xq, (dh)c) of (X, dh) in 
a tube for the action of G centered at the point m. Since dh is G-invariant, we have dh = {dh)c- Set 
Xh := Xq; then (Xh,dh) is a G-invariant descending section of D. 

Hence we have Xh G T(T>g) C T(2)) and, consequently, the leaves d~ 1 (p) and d^idcii 71 )) of T) and 
Dq are left invariant by the flow <fi of X^; thus we can define the restriction <fit of (fit to by 
i (p) 0t = & i (p)- Since is G-invariant, <j>t commutes with the G-action and, consequently, (j>t 
commutes with the Gp-action. Define (jxf^ on Mr p \ by nr p \ o (f> t = (f>^ o 7T( p ) for all t where the left hand 
side is defined. 

Let X^ be the vector field defined by the flow <j>^ . Then we have 

Tir (p) X h = X { h p) ott (p) , 

where Xh is the vector field on 3~ 1 {p) that is Li p \ -related to Xh (that is, Xh is the vector field defined by 
the flow (f) on 3~ l (p))- For any n G 3~ 1 (p) where ho ir p \ is defined and any X G X(3~ 1 {p)) with flow 4> x 
defined on a neighborhood of n, there exists X G with flow 4> x such that Tu p \ o X = X o i( p \. We 

compute 

(V'^Cp)) ( 7r (p)( n )) (^(p)^™)) =W(p)(7r w (n)) ^x[ p) (vr (p) (n)),T n 7r (p) X(n)) 

= w (p) ( 7r (p)( n )) (^n7r(p)X /l (n),T n 7r (p) X(n)) 
= Kp^(p))(n) (X ft (n),l(n)) 

^ d/i (t(p)(n)) (X(i( p )(n))) = dh (i (p) (n)) (T n /, (p) X(n)) 
= d(i* {p) h)(n)(X(n)) = d(7rl p) h ip) )(n)(X(n)) 
= dh {p) (vr (p) (n)) (T n ir {p) X(n)). 
Hence, we have shown the equality i ^oj^ = d/i( p ) and, by the definition of D( p ), we get 

h 

(xi P \dh ip] )er(D {p) ), 

which yields also the fact that /i( p ) G G°° [Mr p )) is admissible. 

We show the last statement of the theorem in the same manner. Let X^ be the G-invariant vector field 
such that (Xk,dk) is a G-invariant descending section of D. Then we have 

{h ip) , k [p) } {p) o vr (p) = - {dh (p) (xj?)) ° 7T(p) = " (w W o 7r (p) ) o 7r (p) , o vr (p) ) 

= - (^(p)^)) (^)^fc) = -(d/i)(X fc ) o L(p) = {h,k} o L(p) 

=■ ({M})(p) 07r ( P )- D 
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Remark 6.8 As can be easily seen from this proof, an analogous theorem is true for the optimal reduced 
Dirac spaces (M a , D a ) and (M G , D G ) if they are defined. A 

7. Comparison of Optimal and standard Dirac reduction 

In this sec t ion, we compare the reduced Dirac manifolds obtained by the standard reduction method in 
■Totz et al.1 (j2011bh with those obtained by optimal reduction, under the assumption that all necessary 



conditions on the smooth generalized distribution D n (7 © V G ) are satisfied. Since we know that the 
three optimal reduction methods are equivalent if they are all possible, we only consider the optimal 
(orbit type) point reduction method in this section. 

Assume that Dn (T© V G ) is spanned pointwise by its descending sections and that D is integrable. 
Let 8 '■ M — > M/T> be the corresponding orbit optimal momentum map. Since D n (T© V G ) is spanned 
pointwise by the descending sections of D, the Dirac structure D induces a Dirac structure on each stratum 
of the quotient space M/G (Theorems 12.61 and I2.5p . The following theorem gives the relation between 
the strata of M/G endowed with these reduced structures and the reduced manifolds {Mc p \, D( p )) given 
by the (orbit type) Dirac optimal reduction theorem (under the assumption that G( p ) acts properly on 

r l (p)). 

Theorem 7.1 Let m G d~ l (p) for some p G M/D such that G( p ) acts properly on 3 l {p)- Then, if 
P is the connected component through m of the orbit type manifold M(g m ), we have 3~ 1 (p) f= P- The 
reduced manifold M( p ) is diffeomorphic to the presymplectic leaf N through ir(m) of the reduced Dirac 
manifold (P,Dp), where P = vr(P) is the stratum of M/G through ir(m), via the map H : M^ — > N, 
7r (p)( x ) | — 5" (tt o t( p ))(x). Furthermore, H*co^ = w (p)> where is the presymplectic form on N. 

Proof: We begin by showing that the map II is well-defined. Let x,y £ $~ l (p) be such that 7T( p )(x) = 

7T( p )(y). Then there exists g G G( p ) C G such that &g p \x) = y which implies that ^ g (i^ (x)) = i( p ){y) and 
7r(t( p )(x)) = 7r(i( p )(y)). Thus, it remains to show that tt(l^(x)) G N. Since x G # -1 (/>), and by definition 
of the integral leaves of D, the points i( p )(m) and i( p )(x) can be joined by a broken path consisting of 
finitely many pieces of integral curves of descending sections of T> belonging to descending pairs of D. To 
simplify the notation, we shall write in what follows simply x' for i^(x) and m! for i^{m). Assume, 
without loss of generality, that one such curve suffices, i.e., that x' = (f)t(m f ), where (f) is the flow of a 
vector field X G T(T>) for which there exists a G fi 1 (M) such that (X, a) is a descending section of D. 
Since A is a descending vector field, it can be written as a sum X = V + X G with X G X(M) G and 
V G r(V). Then [X G , V) = and we have <j> t = <j) G o $ = o 0f , where (j)f and <$ are the flows of X G 
and V, respectively. Let (f) be the flow on M induced by (f), i.e., tt o (j> s = tt o (f>Y o cj) G = ir o <fi G = (f> s o tt 
for all s. This flow (p generates a vector field X on M such that X ^ n X. Since (X,a) is a descending 
section of D n (T© Vq), we know by the definition of the reduced Dirac structure on P that 

(X P ,ap)£T(D P ), (23) 

where Xp is the restriction to P of X and ap is the restriction of a to P, the "one- form" a G Q}{M) 
being such that 7t*q = a. Here, we know that Xp G X(P) because the flow of X through points in P 
remains in P. We have 

(4> t ° vr)(m') = (no 4> t ){m!) = tt(x'), 

which yields, using (f2"3"j) and the fact that 4>t\p is the flow of Xp, that tt(l^(x)) and 7r(«.( p -j (m)) lie in the 
same presymplectic leaf N of (P, Dp). This concludes the proof that II : M p — > N is well defined. 

To prove that II is injective, choose x,y G d X (p) such that tt(i( p )(x)) = n(L( p \(y)). Then there exists 
g G G satisfying 

&g(Hp)(*)) = L ( P ){y)- 
This shows that g G G p and <frg P \x) = y, so we get 7i7 p )(x) = it( p )(y)- 
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For the surjectivity of II choose tt(x) G N and assume, again without loss of generality, that 

*"(aO = 0f Mi(p)M))> 

where <p p is the flow of some Xp G X(P), such that there exists Op G ^(-P) with (Xp,ap) G T(Dp). 
Choose a descending section (X, a) G T(D) and (X, a) £ T> such that X ~ n X, a = ir*a, and (X, a)\p = 
(Xp,otp). The pairs (X, a) and (X, a) exist by the proof of the reduction Theorem I2.6I Then the flows 
(f) of X and of X satisfy tt o s = S o tt for all s and 4> s restricts to 3 (p) since X is a descending 
section of T>. If we define x' G # _1 (p) by l^(x') = (f>t(Li p \(m)), we get, using the fact that <j> t \p = 'fit', 

7r(i( P )(^0) = t 71 " <t>t)(<<(p)(.rn)) = o vr)(t (p) (m)) = vr(x) 

and hence n(7r(p)(a/)) = 7r(x). 

Note that we have simultaneously shown that tt(3~ 1 (p)) Q P is equal, as a set, to N. Moreover, we 
claim that the topology of N (which is in general not the relative topology induced from the topology 
on P) is the quotient topology defined by the topology of 3~ l {p), that is, a set is open in N if and only 
if its preimage under tt o is open in 3~ l {p)- This is proved in the following way. 

Denote by Gi C X(M) the set of vector fields X on M such that there exists a G O (M) with 
(X,a) G T>. The presymplectic leaf N containing fh can be seen as the accessible set of Gi through fh, 
since P is the accessible set through fh of the family of all vector fields on M. The topology on N is 
the relative topology induced on N by a topology we call the Gi-topology on M: this is the strongest 
topology on M such that all the maps 

U — > M 
(h,...,t k ) — > (^o...o^)(m) 

— — j£\ — — i 

are continuous, where m G M, cj) t % is the flow of a vector field X G Gi for z = 1, . . . , k, and U C M is 
an appropriate open set in In the same manner, because 3~ l {p) is an accessible set of the family 

F := {X G X(M) | 3a G f2 1 (M) such that (X, a) is a descending section of D}, 

the topology on is the relative topology induced on 3~ 1 (p) by the topology we call the D-topology 

on M: this is the strongest topology on M such that all the maps 

U — >■ M 
(h,...,t k ) — ► (^o-..o^)(m) 

are continuous, where m G M, (f) t i is the flow of a vector field Xj G F for i = 1, . . . , k, and U C is an 
appropriate open set in 

Now our claim is easy to show, using the fact that for each section Xp in Gi, there exists a descending 
section (X, a) of D such that X ~,r X and hence 0^ ott = tto^ . Conversely, for each descending section 
(X, a) of D, the vector field X satisfying X ~„- X is an element of Gi and we have cf)^ o tt = tt o ^ . 
Hence, a map / : N — > Q is smooth if and only if / o (tt o t/^) : 3 l {p) — > Q is smooth, where Q is an 
arbitrary smooth manifold. Thus we have shown that N = tt(3~ 1 (p)) C P as topological spaces. 

Finally, the smoothness of II and of its inverse II -1 : N — > M p , tt(l^(x)) t— > vr p (x) follow from the 
following commutative diagrams: 

7T(p) 7V 

M ip ) =*- M N — — T M (p) 

Consider the first diagram. Let ip m ■ P ^ M and ipj p : N <-> P be the inclusions. Since 7r o is 
smooth, we have automatically (by the quotient manifold structure on that /^oll = m° ^jy p n 
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is smooth. Since N is an initial submanifold of P and P is a stratum of M, the smoothness of II follows. 
With the considerations above and, because Trr p ) is smooth, we get the smoothness of II^ 1 with the second 
diagram. 

Now we show that II is a presymplectomorphism, i.e., Wojft = uj p . Let 7r p (x) G M p , x G 3~ 1 {p), and 
v,w G T x 3~ 1 (p), i.e., we have T x l^v, T x l^w G D(i( p )(x)). Then find Xp,Yp G X(P) and oep,[3p G 
^(P) such that (Xp,ap), (Yp,/3p) G T(D P ), T X (II o ir^v = T x (7r o l^v = Xp(ir(i^(x))), and 1^(11 o 
~K( p ))w = T x (ir o Lr p \)w = Yp(7r(t( p ) (x))). Choose (X,a),(Y,/3) G T> and X, Y~ G 3£(M) such that 
(X, 7r*a), (1", 7r*/3) are descending sections of D, X ~ 7r X, 1" ~ 7r and (Xp,a P ) and (Yp,[3p) are the 
restrictions to P of (X,a) and (Y,^). Then we get 

(n*w J v)(7r( / ,)(aj)) (T x tt {p) v,T x tt {p) w) = (( n ^(p))^)) ( T ^( n 7r (p)) w > T ^(n o ir {p) )w) 

= Wjv((tt o (^(vr o t (p ))u,T a; (7r o i( p ))w) 

= uj n ((tt o L (p) )(x)) (Xp(ir(L {p) (x))),Yp(TT(i (p) (x)))) 
= a P ((vro i (p) )(x)) (Yp(ir(L {p) (x))) = a(i (p) (x)) (Y(l (p) (x))) 
= W( p )(7T( p )(x)) (T x ir( p) v,T x iT( p) w) , 

where the last equality is the definition of i/Ju)- □ 

8. Examples 

Example 8.1 We consider the example of the proper action of G := S 1 ~ R/(27rZ) on M := R 3 given 
by 

<E> a (x, y, z) = a ■ (x, y, z) = (x cos a — y sin a, x sin a + y cos a, z). 

The orbit and isotropy types of this action coincide since the Lie group is Abelian. They are P\ = 
{0} x {0} x R, P l = M Hl with H x = S 1 , and P 2 =R 3 \Pi, so P 2 = Mp 2 with H 2 = {e}. The orbit of a 
point (x, y, z) G R 3 is {(x', y' , z') G R 3 | x' 2 + y' 2 = x 2 + y 2 and z' = z}. Thus the reduced space M can 
be identified with [0, +oo) x R with the projection ir given by 

[0, oo) x R 3 (x, f) := 7r(x, y, z) = (x 2 + y 2 , z). 

It is easy to compute, for each a G S 1 : 

&a(d x ) = cos ad x — sin ad y , <3?* (d y ) = sin ac^ + cos ad y , <&* a {d z ) = d z 

and 

<&*(dx) = cosadx — sin ady, <£* (dy) = sinadx + cos ady, <£* (dz) = dz. 

Hence, the Dirac structure D given as the span of the sections 

(d x ,dy), (d y ,-dx), (d z ,0) 

is § 1 -invariant, that is, the Lie group S 1 acts on (M, D) in a Dirac manner. 
In Example IA.21 we carried out the explicit computation showing that 

T(m) = T G (m) = spaxi R {d z , xd x + yd y ,xd y - yd x } 

for all m = (x,y) G R 2 . The set D n (7® Vq) is equal to the set Dfl(T G ffi V° G ), since the orbit type 
manifolds coincide with the isotropy type manifolds, and is spanned by the sections 

{ydx — xd y , xdx + ydy) and (d z ,0) of D. 

These sections are exact G-invariant descending sections of D and hence Dq = T> is completely integrable. 
Indeed, it is easy to see that since D is spanned pointwise by the vector fields d z and yd x — xd y , it is 
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integrable and its leaves are the cylinders M r := {(x, y, z) G M 3 | x 2 + y 2 = r} for all r > and the line 
{(0,0, z) | z G R} =: M . 

We identify the leaf space of D with the closed set [0, oo); 3{x, y, z) = x 2 + y 2 for all (x, y, z) G R 3 . It 
is easy to see that G r = S 1 for all r G [0, oo). The Lie group S 1 acts on M r by rotations for r > and 
trivially for r = 0. The reduced spaces are then all lines with trivial presymplectic form. 

It has been shown in Jotz et all ( 2011bl ) that the Dirac structures on M\ = Pi/S 1 — M. and M 2 = 
P2/S 1 ~ M 2 are given by D^^z) = span{(<9 f , 0)} and D^ l2 (x,z) = span{(<9 f , 0), (0, xdx)}. Thus, the 
symplectic leaves are all lines with trivial Dirac structures and we recover the result of the correspondence 
theorem. 



Example 8.2 We consider here another example from Jotz et al. ( 2011bl ). Let M 
(automatically proper) diagonal action of G = S 1 ~ M/(2vrZ) on it, i.e., 



$ : 



The functions 




' x\ cos a — yi sin a 1 
x\ sin a + y\ cos a 



' X2 cos a — y2 sm a x 
X2 sin a + y2 cos a 

Z2 



with the 



n(v,w) =x\+y 2 = 
d(v, w) = x\y2 — y\X2 = det 



zi(v,w) = zi, z 2 (v,w) = z 2 



X\ X2 

yi V2 



r 2 (v,w) =xl + yl = 

s(v,w) = XlX 2 + 2/12/2 



are § 1 -invariant. They also characterize the S 1 -orbits of the action since d and s determine in a unique 
way the angle between the vectors (xi,y±) and (x2, 2/2)- Hence, the reduced manifold is the stratified 
space M = 7r(R 3 x M 3 ) C IR 6 , where ir : M 3 x M. 3 — > R 6 is given by ir(v,w) = (rj., r2, d, s, z\, Z2)(v, w). We 
conclude that M is the semi- algebraic set M = {(n, r 2 , d, s, Z\, z 2 ) 6K 6 | r±, r 2 > and s 2 + d 2 = ri^}. 

The two strata of M are Mq = {(0, 0, 0, 0, z\ , Z2) G M 6 }, corresponding to the orbit (isotropy) type man- 
ifold Mgi = M(gi) = {(0, 0, Zi, 0, 0, Z2) G M 6 } with trivial S 1 -action on it, and M\ = {(ri,r2,d, s, z±, 22) £ 
R 6 I (^1,^2) 7^ (0)0) and d 2 + s 2 = r\r2}, corresponding to the orbit (isotropy) type manifold M{ } = 
M ({0}) = yi^i,X2,y 2 ,z 2 ) GM 6 I (xi,yi) / (0,0) or (:c 2 ,y 2 ) / (0,0)}. 

Define J7 := M>o x IR 4 C M 5 . Since the points (ri,r 2 ,d,s,Zi,z 2 ) in Mi satisfy n > or r 2 > 0, we 
have two charts for Mi, namely (ipi(U), V'f 1 ) and (ip2{U), V^ 1 )) where 

V'l = M> xM 4 -> Mi ^-1. ^([/jcMj -> M >0 xR 4 

(ri,d, 5,21,2:2,) H> (n, s,zx,z 2 J ' (ri, r 2 , d, s, 21 , z 2 ) ^ (n, d, s, 21, 2 2 ) 

and 

V> 2 : M> xlR 4 -> ^ Mi ^-1 . ^ 2 ([/)CMi -> M >0 xR 4 

(r 2 ,d, s,2i,2 2 ) (^^,r 2 ,(i, s,2i,2 2 ^) ' (n, r 2 , d, s, z\, z 2 ) H> (r 2 ,d, s, Z\, z 2 ). 

Since V° G (m) = (d/(m) | / G C°°(M) G '} (Lemma 5.8 in I.Totz et al.1 (|2011bl ^. we have for all m = 
{xi,yi,z 1 ,x 2 ,y 2 ,z 2 ) G M 6 



an f d2i, d2 2 , xidxi + j/idyi, x 2 dx 2 + y 2 dy2, 1 

P nR \ xidy 2 + £/2dxi - x 2 dyi - yidx 2 , xidx 2 + x 2 dxi + yidy 2 + y2dyi J ' 



33 



and, as shown in Example \A.3\ 



T(m) = U(y(m) = span K < 



x 5 
x 7 
x 9 



9 Z i, X% := d Z2 , 
x\d Xl +yid yi , X 4 
yid X2 -xid y21 X 6 
xid X2 +yid V2 , X 8 
xid yi - yid Xl , X w 



X2d X2 + y2d y2 , 
y 2 d xi - x 2 d yi , 
x 2 d Xl + y 2 d yi , 
= x 2 d V2 - y 2 d X2 



Note that V is spanned on M by Xg + Xiq = x\d yi — y\d Xl + x 2 d y2 — y 2 d X2 . 
Consider the Dirac structure D C TM © T*M spanned by the pairs 

(d Xl ,dyi), (d yi ,-dxi), (d Zl ,0), (d X2 ,-dy 2 ), (d y2 ,dx 2 ), (0,dz 2 ). 

Comparing this with the sections of T = 7q and V G given above, we find a set T> of exact G-invariant 
descending sections spanning pointwise the intersection D n (T© V G ) = Dfl (7q © V G ): 



(a Zl ,o),(o,dz 2 ), 

(-xid yi + y 1 d Xl ,xidx 1 + yidyi), (x 2 d y2 - y 2 d X2 ,x 2 dx 2 + y 2 dy 2 ), 
(-xid X2 - y 2 d m - x 2 d Xl - yid y2 ,xidy 2 + y 2 dx 1 - x 2 dy 1 - yidx 2 ), 
{x 1 d y2 - x 2 d yi - y\d X2 + y 2 d Xl , xidx 2 + x 2 dx 1 + yidy 2 + y 2 dyi) 

(a, 1 ,0),(0,dz 2 ),(-X 9 ,idr 1 ), 
(X w , ±dr 2 ) , (-X 7 - X 8 , dd), (X 6 - X 5 , ds) 



Thus, we get for all m £ 



D(m) = D(j(m) = span < 



d zi , X 9 = xid yi - yid Xl , 

X w = x 2 d y2 - y 2 d X2 , . ^ i 

X 7 + X 8 = xid X2 + y 2 d yi + x 2 d Xl + y\d y2 , ' 
k X 6 - X 5 = x x dy 2 - x 2 d yi - yid X2 + y 2 d Xl 

(span{dz 2 ,xidxi + yidyt - x 2 dx 2 - y 2 dy 2 })° = (span{dz 2 , d(n - r 2 )}) c 



The distribution D = T)q is hence integrable and its leaf through a point p = (x\, y%, z%, x 2 , y 2 , z 2 ) € M 
is 

1. {(0,0,t,0,0,z 2 ) \t£R} if ri (p) = r 2 {p) = 0, 

and otherwise the level set of the functions z 2 and r\ — r 2 through the point p = (xi,yx,zi,x 2 ,y 2 , z 2 ) £ M, 
that is, 

2. {(r cos a, r sin a, t, r cos ft, r sin/3, z 2 ) \ r > 0, a, f3, t E R} if r±(p) = r 2 (p) > 0, 



3. {(y x 2 + y 2 + k cos a, -^/x 2 + V 2 + & sin a, i, x, y, z 2 ) | x, y, a, t S R} if A; := (ri — r 2 )(p) > and 



4. {(x, y, t, \J x 2 + y 2 — k cos a, x 2 + y 2 — k sin a, z 2 ) | x, y, a, t £ R} if k := (ri — r 2 )(p) < 0. 



The singularity at points where r\ and r 2 both vanish can also be seen considering the flows 



>\ </> 9 , 
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(,10 j,7+8 



of the vector fields d Zl , Xg , Xio , Xj + X$ , Xq — X^ : 











2/2 




w 




'xi cost — yi sint 
xi sin i + 2/1 cos t 

z\ 

' ' X2 cos t — i)2 sin i 
%2 sin t + y2 cos i 

'xi cosh i + %2 sinh t 
2/i cosh t + 2/2 sinh £ 

^2 

''xi cosh i + 2/2 sinh i 
2/i coshi — X2 sinhi 

^2 




X2 cosh t + xi sinh 
2/2 cosh i + 2/i sinh i 

X2 cosh t — 2/1 sinh i N 
2/2 cosh i + xi sinhi 
2i 



Hence we can identify the leaf space M/Dq with the set 

{(r 1 ,r 2 ,r 1 - r 2l z 2 )(p) \ p G M}/ ~, 

where ~ is the equivalence relation given on {(ri,r2,ri — r2,Z2)(p) \ p € M} C R >0 x R>o x R x R by 
(n, r2, fc, i) ~ {r[,r 2 , k', if) if and only if t = t' and 

k = k' + 

(k = k' = 0) and (n > or r 2 > 0) and (r£ > or r' 2 > 0) 



or 



or 

k = k! = and n = r2 = = r 2 = 0. 

Since V C Dq, we find G CT = G = S 1 for all <r G M/T>g- The action of S 1 on each of the leaves is the 
restriction to the leaf of the action of S 1 on M. 
We consider the four different cases: 

1. If a = [0,0,0, a] G M/D G , we have ^(cr) = {(0, 0, t, 0, 0, a) | t G R} ~ R and the induced action 
of S 1 on 0£ 1 (<t) is trivial. Thus, the reduced space M CT = Jq 1 (<t)/§ 1 = 3 G 1 (c) = R is a line and the 
presymplectic form is necessarily trivial. 

2. If a = [R, R, 0, a] G M/D G with i? > 0, we have 

Sq 1 (<t) = { (r cos q, r sin a, i , r cos /?, r sin /3, a) | r > 0, a, (3, t G R} 

Hence, if we consider it as a subspace of M/S 1 , the reduced space is equal to 

M a = 3g 1 (<t)/$ 1 = {(r 2 ,r 2 ,r 2 sm(a -/3),r 2 cos(a - p),t,a) \ r > 0, a, /?, t G R} 
~ R> x S 1 x R 

via the diffeomorphism 



(r 2 , r 2 , r 2 sin(a — /3), r 2 cos(a — /3),t, a) 
1 : R >0 x S 1 x R 

(r,9,t) 



R >0 x S 1 x R 
(r 2 ,a-/3,t) 
M a 

(r, r, r sin(0) , r cos(#) , i, a). 
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Let 7r : M — > M/S 1 and ir a : 3q 1 (o') — > M a be the canonical projections. 

We use the coordinates (r, 9, t) on M>o x S 1 x M. and compute the presymplectic form u a . We have 

d r ~ a ri + d r2 + smUdg + cos9d d = and d e ~ ,-i sd d - dd s 

since r\ = r 2 on M a . Since 

x±d Xl + y\d yi + x 2 d X2 + y2<9<, 2 ~vr 2r 1 d n + 2r 2 <9 r2 + 2sd s + 2dd d and X 9 ~„- -sd d + 
this leads to 

u a (d r ,d e ) = - — (ir*u} a )(xxd Xl + y\d yi + x 2 d X2 + y 2 d y2 ,X 9 ) 

1 ~ ~ ~ ~ > 1 / 2 , „.2N 1 



- — (xidxi + yidy 1 )(x 1 d xi + y 1 d yi + x 2 ^ 2 + y 2 d y2 ) = -— (x x + y x ) = --, 
1 

u a {do,d t ) = (7r*uj a )(-X 9 ,d Zl ) = 0. 



uj a (d r ,d t ) = —(ir*oj a )(xid Xl + y x d yi + £ 2 <9a; 2 + V2d y2 ,d Zl ) = and 



Thus, we find cj a (r, 9, t) = \d9 A dr. 

Note that easy linear algebra arguments show that x\d Xl + y\d yi + x 2 d X2 + y 2 d y2 is an element of 

^G(xi,yi,zi,x 2 ,y 2 ,z 2 ) if and only if x\ + yf = x\ + y\, that is, if and only if (x\, yi, Z\, x 2 , y 2 , z 2 ) G 

-1 
G 



0~V) for a = [R,R,0,a 



If cr = [Ri,R 2 , k, a] G M/T>g with k > 0, we have 

3 (3 1 (cr) = |(\/x 2 + y 2 + A; cos a, y 7 ^ 2 + y 2 + sin a, t, x, y, a) | x,y,a,t G K j . 
The reduced space M CT is now 



M a = Z£{p)j& = < (x 2 + y 2 + fc, x 2 + y 2 , d, s, t, a) 



x, y, t, d, s G R 
(i 2 + s 2 = (x 2 + y 2 + A;)(x 2 + y 2 ) 



via the diffeomorphism 



fa: M a — »• K 3 

(x 2 + y 2 + /c,x 2 + y 2 ,(i, s,t,a) 1 — ► (d,s,i) 

V. 1 = 1R 3 — > M g 

,n ( Jk^+A{d?+ S 2 )+k Jk 2 +i{d?+s 2 )-k , , , 

(d,s,t) ' — ► 5 ,- o ,d,s,t,a ). 



We use the coordinates (d,s,t) on M 3 and compute the presymplectic form w ff . We have 

dd — d ri H d r9 + 5rf and 

^ ^ 2 + 4(s 2 + d 2 ) 1 + 4 ( s2 + d2 ) 

% — d r , H o r „ +d s . 

^k 2 + 4(s 2 + <i 2 ) 1 Vfc 2 + 4(s 2 + d 2 ) 2 



A computation (see Jotz et aTl ( 2011b )) yields 



Xq - X 5 ~ 7r 2dd ri + 2dd r2 + (ri + r 2 )d d and X 7 + X 8 ~„- 2sd n + 2sd r2 + (ri + r 2 )d s . 



With n + r 2 = \Jk 2 + 4(s 2 + d 2 ), this leads to 

1 



u c {d d ,d s ) 



(n^XXe-X^Xr + Xs) 

(x 1 dx 2 + x 2 dx 1 + yidy 2 + ^dyi)^^ + y 2 d yi + x 2 d Xl + yid y2 ) 



k 2 + 4(s 2 + d 2 ) 
1 

fc 2 + 4(s 2 + d 2 ) 

' / 2 , 2 , 2 , 2 

(x x +x 2 +y l +y 2 



and 



uj a (d d ,d t ) 
ui a (d s ,d t ) 



k 2 + 4(s 2 + d 2 ) 
1 

^k 2 + 4(s 2 
i 



v / /t 2 + 4(s 2 + d 2 ) 



which leads to u} a (d, s, t) 



^k 2 + 4(s 2 + d 2 ) ' 
«o; ff )(X 6 -X 5 ,a zi ) = 

«uv)(X 7 + X 8 ,d zl ) = 0, 
=dd A ds. 



^//c 2 +4(> 2 +d 2 ) 

4. If a = [Ri,R 2 , k, a] G M/T> G with A: < 0, we have 

= j(x,y,t, \/ x 2 + y 2 — k cos a, \/ x 2 + y 2 — k sin a, a) | x,y,a,t G m| 
The reduced space M CT is then equal to 



M a = S G 1 (a)/S 1 = |(x 2 + y 2 ,x 2 + y 2 -k,d,s,t,a) 



x, y,t,d,s GR 
ci 2 + s 2 = (x 2 + y 2 - A;)(x 2 + y 2 ) 



via the diffeomorphism 

iP a : M a 

(x 2 + y 2 , x 2 + y 2 -k, d, s, t, a) 
if)- 1 : R 3 

(d,s,t) 



{d,s,t) 

^k 2 +4(d 2 +s 2 )+k ^k 2 +4(d 2 +s 2 )-k 



,d,s,t,a] . 



We use the coordinates (d, s, t) on M 3 and get in the same manner as above 
ui a (d, s, t) = , 1 dd A ds. 



yjk 2 +i(s 2 +d?) 



We want to compare these reduced spaces with the presymplectic leaves of the Dirac structures induced 
on the two strata Mo and Mi of M by standard singular reduction. These are given by D^ (m) = 
span R {(c? Zl \m, 0), (0, dj^j(m))} for all m G Mo, and by 

' (d Zl ,0),(0,dz 2 ),(2sd d -2dd s ,d ri ), ' 



D Afi ( r i , d, s, ^i , ^2) = span M < 
in the chart (U,ipi) and 

D A/i( r 2,M,^i,2 2 ) = span R < 



2sd r , — I n + 



2 +d 2 
n 



5,, d<i 



2da ri + (r 1 + ^)^,d S 



> (n, 5,^,^1,2:2) 



' (a 2l ,o),(o,dz 2 ),(2 S a d -2da s ,dr 2 ) 



2sd r2 -lr 2 + 2^t)d s ,dd), \{r^ s , d , Zl ,z 2 ). 



(2dd r2 + (r 2 + ^f)d d ,d S 



in the chart (U,ip 2 ) (see Jotz et al. ( 2011bl )). 

Take p G M. If p G M§i, that is, 7r(p) G Mq, we have p = (0, 0, z\, 0, 0, z 2 ) and the reduced space 
(Af(j,w ff ) for it = #g(p) is of the first type: (M a ,uj a ) ~ (R, 0). The presymplectic leaf of (Mq,D^ o ) 
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through 7r(p) G Mo is obviously N p = {(0, 0, 0, 0, t, z<i) \ t G R} ~ R with the trivial presymplectic 
structure. It is easy to see that (M a ,u) a ) ~ (N p ,0) via the diffeomorphism constructed in the proof of 
Theorem 17.11 

For p G M{ e }, we have n(p) G M\. We study the presymplectic leaves of (Mi, ). The corresponding 
distribution Gi is given by 

r / s 2 + d 2 \ ( s 2 + d 2 \ 
Gi(7r(p)) = span K ld zi , sd d -dd s , 2sd ri + m H — — J <9 S , 2d<9 n + ( n H — — J <9 d 

r / s 2 + d 2 \ / s 2 + d 2 \ 
= span R <^ d zi ,2sd ri + rH <9 S , 2cZ<9 n + n H d d 



in the chart ^l- We find that Gi is the smooth annihilator of the codistribution that is spanned pointwise 
by |dz2,d (ri — s ^ J \ and that has constant rank on ipi(U) C Mi. With the same argument we 

find that Gi has constant rank on ip2(U) C Mi and since ipi (U ) Pi foiU) i s open and dense in Mi, the 
distribution Gi is a vector bundle over Mi. We have shown in Ijotz et al.1 (|2011bh that it is involutive 
and so it is completely integrable in the sense of Frobenius. We have again three cases: 

1. Suppose that t\ > 0, — s ^ d J (p) = = k, Z2 = a G R. Then the leaf iVo )0 of Gi through ir(p) 
is the subset 

Mi D fa(U) 5 JVo,a = {(ri.M^a) | n > 0, r 2 = s 2 + d 2 ,zi G R} 

= {(z, z cos 0,2: sin a, t, a) | z > 0, a G §\ i G R} ~ R> x S 1 x R 

via the diffeomorphism 

^o,a : iVo.a — > R> x S 1 x R 

(z, z cos a, z sin a, t, a) i — )• (z, a,t) 

(z,a,i) i — > (z, z cos a, z sin a, i, a). 

Note that this leaf of Gi is included in the intersection ipi(U) n ip2{U)\ the values of ri and r2 are 
equal on the leaf. Thus, for instance, if n vanishes, then r2 has to be zero too, which is not possible 
on Mi. We compute the presymplectic structure on No >a . Since 

d z dri + cos ad s + sin ad d = —{r\d r , + sd s + dd d ) 

Vo,a 1 ri 

d a s<9 rf - d5 s and d t <9 Zl , 

w iV , o , <9 Z ) = 0, wjv 0>a (3* , d a ) = 
and ui Noa (d z ,d a ) = -~dri ^^-(ri<9 ri + sd s + d«9 d )^ = -i. 

Therefore, wjv c, = ^da A dz. This shows that (No t a,^N n ) is presymplectomorphic to (Af ff ,w ff ), 
where cr = # G (p) = [ri,ri,0,a]. 

2. Suppose that n > 0, (ri - j (p) = A; > 0, z 2 = a G R. Then the leaf iV^a of Gi through 7r(p) 
is the subset 



we have 



Mi D ipi(U) ~D -^Vfe.a = "I (ri,s,d,zi,a) 



s 2 + d 2 . 
ri > 0, r\ = k, Z\ G 

n 



^/4(s 2 + cf 2 ) + At 2 + jfc ^ 
, s, d,zi,a 



z±, s,d G 
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Note that since r\ — r 2 is equal to k > on iV& , we have r% > on iV^ )Cl and hence, A^ !a C ipi(U). 
To compute the presymplectic structure on Nk <a , we study its graph, which is the induced Dirac 
structure on the leaf (see ([5])). We have 



r ( D iV fe „) = span Co 



(d zi ,0), sd d - dd s 



I d" H d 

A /4(s 2 +d 2 )+fc 2 A /4(s 2 +d 2 )+fc 2 



ri 



We have used the fact that since r\ — k— " + " 
and the equality 

dri = 8s 



(- y / 4(s 2 +d 2 ) + fc 2 ^,dd), 
( v / 4(s 2 + d 2 ) + A; 2 5 d ,d S ) 

have n + = 2ri - fe = ^(s 2 + d 2 ) + )fc 2 , 



wc 



1 



=ds + 8d 



1 



2 • 2 • ^/4(s 2 + d 2 ) + k 2 2 • 2 • y^s 2 + d 2 ) + k 2 

2s , 2d 



zdd 



=ds + 



^4(s 2 + d 2 ) + fc 2 ^(s 2 + d 2 ) + /fc 2 



= dd. 



This yields 



r ( D N k J = span C o 



(8 Z1 ,0), (-^/A(s 2 + d 2 ) + k 2 d s , dd) , 
(y/4(s 2 +d 2 ) + k 2 d d ,ds) 



and thus w/v* 



• v /4(s 2 +<i 2 )+fe 2 



dd A ds. 



3. Suppose that r 2 > 0, f 2 -^- — r^j (p) = k < 0, z 2 = a £ M. Then the leaf iVfc ja of Gi through p is 
the subset 



Mi 2 MU) 5 iVfc.a = ^ {r 2 ,s,d,zi,a) 



r 2 > 0, 



+ d 2 



r-2 



r 2 = fc,zi e 



y^s 2 + d 2 ) + k 2 + k 



,s,d,z\,a 



zx, s, d € 



Note that since ri — r 2 is equal to < on iVfc j(l , we have r 2 > on iVjfe )0 and hence, iVjfe )0 C ip 2 (U). 
To compute the presymplectic structure on JVfc i0 , we study its graph, which is the induced Dirac 
structure on the leaf (see ([5])). We have 



r ( D N k J = span cx>(Nka) < 



(d Zl ,Q), sd d - dd s 



I do H d 

A /4(s 2 +d 2 )+fc 2 A /4(s 2 +d 2 )+fc 2 



dd 



(- y / 4(s 2 +d 2 )+fc 2 a s , dd) , 

( v / 4(s 2 + d 2 ) + fe 2 a (i ,ds) 



as in the preceding case. This yields 

r ( D N k J = s P an c-(7V fc , a ) 



(d zl ,o), (- v / 4(s 2 + d 2 ) + fc 2 a s , dd) , 

(y/4(8 2 +<P) + k 2 d d ,ds) 



and thus ^N ka 



^/4(s 2 +d 2 )+fc 2 



dd A ds. 
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A. The module of equivariant vector fields on a representation space 



Let $ : G x V — > V be a finite dimensional repres entation of a compact Lie group G. We review a 
method presented in Chossat and Lauterbach ( 200d ) to find G°°(U) G -generators for the set X(V) G := 



{X G X(V) | $*X = X V<? G G} of G-equivariant vector fields on V. 

Since G is compact, averaging an arbitrary inner product on V yields a G-invariant inner product (( , )) 
on V. Thus we can assume, without loss of generality, that the representation $ is orthogonal. Denote 
by ( , ) : V* x V — > R the nondegenerate duality pairing. 

The computation of the set of generators for X(V) G is facilitated by the following two observations. 

1. ) There is a bijective correspondence between G-equivariant vector fields on V and G-equivariant maps 
V -> V. 

Indeed, since TV — V x V and the tangent lift of the representation <3? to TV is given by g ■ (v, w) := 
T v <frgW = (&gV,& g w), for all g G G , v , w G V , we can associate to each X G X{V) G the smooth G- 
equivariant map fx-V^-V, fx{v) '■= pr 2 (X(V)), and vice versa; pr 2 : V x V — )■ V is the projection on 
the second factor. 

2. ) There is a surjective map from the set of G -invariant real valued functions C°°(V x V) G on V x V 
to the set X(V) G of G-equivariant vector fields on V . 

Indeed, if ip : TV = yx7->Risa smooth G-invariant function, define ftp(v) := d.2<p(v,0) G V* 
for all v G V, where d%<p denotes the derivative relative to the second variable. Then /„, : V — > V* is a 
G-equivariant function, where the G-representation on V* is defined by g ■ I := I o $> g -i, for all / G 
and g £ G. The G-invariant inner product (( , )) on V induces the isomorphism v G V >— > ((v, •)) G V* of 

G-representations and hence f v induces a G-equivariant map f v : V — > V defined by ((f v (v),wS^ := 

(f(p(v), w) = (deeply, 0),w) for all v, w G V. Therefore, we get X v G X(V) G defined by X v (v) := (v, f^{v)) 
for all v G V. 

Conversely, each X G 3L(V) G , uniquely defines the smooth G-equivariant map fx'-V^V given by 
X(v) = (v,fx(v)) for all v G V and hence the smooth G-invariant function ipx ■ V x V — > R defined 
by = {(fx(v),w)) which is linear in the second component, that is, tpx G §(V x F) G := G 

C°°(V x F) G | yj(i7,-) G V*, for all u G V}. Note that if ^ G §(V x then = (d 2 ^(v,0),w) . 

Using this identity, it is easily seen that the correspondences ip G 8>(V x V) G \-t X v G X(V) , X G 
X(V) G i y (fx G S(V x V) G are inverses to each other. 

So we have a bijective map X(V) G o S(V x V) . In particular the map ip G G°°(y x V) G i— )■ G 
X(U) G is surjective. 

Let {pi, . . . ,p n } be a Hilbert basis for the ring and finitely generated R-algebra of G-invariant poly- 
nomials on V x V. The Hilbert map "K : V x V — > R n , JC(u,u;) := , it;), . . . ,p n (v,w)) is proper 
(inverse images of compact sets are compact), it separates orbits (if (v',w') / g • (v,w) for all g G G, 
then 5{(?/,u/) ^ Ji(v, w)), and there is a homeomorphism : (FxV)/G ^> J i(V x V) C R n such that 
I Ko7r = ?f , where it : V x V — > (V x V)/G is the projection on the orbit space (see Chossat and Lauterbach! 



( 200d ). Theorem 5.2.9). The theorem of Schwarz-Mather (see, for instance, Ortega and RatiuT (2004') 



Theorem 2.5.3) states that for each G-invariant function ip G C°°(V x V) G , there exists F v G G 00 (M ri ) 
such that tp = F v o (p 1; . . . ,p n ). Since 

n dF 

the G-equivariant vector fields Xi, . . . ,X n , Xi(v) := (v,pi(v)), ((pi(v),w)) = {d%pi(v, 0), w), for all w G V, 
i = 1, . . . , n, associated to the Hilbert basis pi, ■ ■ ■ ,p n are spanning vector fields for the G 00 (U) G -module 
X(U) G . 

In the examples below, we will need to know the Hilbert basis for the diagonal actions of S 1 and SO(3) 
on n copies of R 2 , respec tively R 3 . These bases are given in the following proposition, which is proved in 
Kraft and Procesi ( 19961 ). Theorem 10.2. 
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Proposition A.l 1. Consider the diagonal action (ft of S 1 = SO(2) on n copies ofR 2 , that is, <j> : 
§1 x (R 2 ) n i ^ (R 2 ) n , 0( a , («!,..., Uft )) = (pc-vi, a-v n ). Write <P ((R 2 ) n ) as R[X lt Y u X n ,Y n ] 

and define Pij,Qij G ((R 2 ) ) by P%j = XiXj+YiYj and Qij = XiYj — XjY{ for all i,j = 1, . . . , n. 

Then S n := {Pij,Qki \ 1 < i < j < n,l < k < I < n} is a Hilbert basis for ? ((R 2 ) n ) Sl . 

2. Consider the diagonal action ip o/SO(3) on n copies ofR 3 , that is, ip : SO(3) x (M 3 ) n i — ^ (R 3 )™, 
iP(A,(vi,...,v n )) = (A'Vi, . . . ,A'V n ). Write y((R 3 ) n ) as R[X 1: Y u Z u . . . , X n , Y n , Z n ] and define 

Pij,Qijk G 7 ((M 3 ) n ) S ° (3) by P^ = XiXj + YYj + ZiZj and Q ijk = X t Y 3 Z k + Y { ZjX k + Z % XjY k - 
XiY k Zj - YiXjZ k - ZiYjX k for all i,j,k = 1, . . . ,n. Then G n := {Pij,Q k i m I 1 < i < j < n, 1 < 
k < I <m <n} is a Hilbert basis for 7 ((R 3 ) n ) SO( - 3 ' ) . 

Example A. 2 We consider Example 18. II the (automatically proper) action <J> of G := S 1 ~ R/(27rZ) on 
M := R 3 given by 

$ a (x, y, z) = a ■ (x, y, z) = [x cos a — y sin a, x sin a + y cos a, z). 

We want to find C°°(M) G '-generators for the G-invariant vector fields on M = R 3 , G = S 1 . Hence, 
we have to find the invariant functions for the diagonal action of S 1 on M x M, that is, the action 
* : S 1 x (R 3 x R 3 ) -> (R 3 x R 3 ) given by V a (v,w) = ($ a (v),$ a (w)) for all v,w G R 3 . Write («,«;) = 
(x v ,y v , z v ,x w ,y w , z w ) G R 6 . Then, by Proposition I A. 11 the Hilbert basis for ? §1 ((IR 3 ) 2 ) is given by 
{pi,y2,P3,P4,P5,P6}, where 

Pi(v,w) = x 2 v + yl p 2 (v,w) = x^ + yl p 3 (v,w) = z v 

Pi(v, w) = z w p 5 (v, w) = x v x w + y v y w p 6 (v, w) = x v y w - y v x w . 

Since d w pi(u,0) = 0, d w p 2 (v,0) = 0, d vl v 3 (v,0) = 0, d„,p 4 (t;,0) = dz vt , cL ,p 5 (u,0) = a^dx^, + y v dy w , 
d«,P6(^)0) = x^dy^ — y„dx w , the method in IChossat and Lauterbachl (2000) reviewed above yields the 
generators X 1 = X 2 = X 3 = 0, X A (v) = d Zv , X 5 (v) = x v d Xv + y v d Vv , X e (v) = x v d Vv - y v d Xv of the 
C°°(R 6 ) S -module of equivariant vector fields 3t(R 6 ) § on R 6 . Note that Xq is the fundamental vector 
field of the action of S 1 on R 3 defined by the Lie algebra element 1 G TiS 1 ~ R. 

Thus, we get r(T) = T(7g) = span Coa ^ M ^{d z , xd x + yd y ,xd y — yd x } as was used in Example 18. H <0 

Example A. 3 We consider here the action of Example 18.21 The vector space M = R 3 x R 3 is endowed 
with the (automatically proper) diagonal action of G = S 1 ~ M/(27rZ) on it, i.e., 

$ : S 1 x (R 3 x R 3 ) — > R 3 x R 3 

x\ cos a — y\ sin a\ I x 2 cos a — y 2 sin 
x\ sin a + y\ cos a , \x 2 sin a + y 2 cos a 
z\ ) \ z 2 

We have to consider the action ^ of S 1 on R 12 ~ (R 3 x R 3 ) x (R 3 x R 3 ) defined by 

* : S 1 x ((M 3 x M 3 ) x (M 3 x R 3 )) — > ((1R 3 x R 3 ) x (M 3 x 

(«, w, u, t) i — > (<S> a (v),<Z> a (w),$ a (u),<S> a (t)). 

We write u = (x v ,y v , z v ), w = (x w ,y w , z w ), etc. By proposition lA.li we have !K = {pi : R 12 — > R \ 
1, . . . , 20}, where 

pi(v,w,u,t) = z v , p 2 (v,w,u,t) = z w , p 3 (v,w,u,t) = z u , p 4 (v,w,u,t) = z t , 
p 5 (v,w,u,t) = xl + y 2 v , p e (v,w,u,t) = x 2 w + y 2 w , p 7 (v,w,u,t) = x 2 u + yl, 
p 8 (v,w,u,t) = x\ + y 2 , p 9 (v,w,u,t) = x v x w + y v y w , p 10 (v,w,u,t) = x v x u + y v y u , 
Pn(v, w, u, t) = x v x t + y v y t , Pn(v, w, u, t) = x w x u + y w y u , Pi3(v, w, u, t) = x w x t + y w y t , 
Pu(v, w, u, t) = x u x t + y u y t , Pis(«, w, u, t) = x v y w - y v x w , Pie(v, w, u, t) = x v y u - y v x u , 
Pn(v, w, u, t) = x v y t - y v x t , Pis{v, w, u, t) = x w y u - y w x u , Pw(v, w, u, t) = x w y t - y w x t , 
p 20 (v, w, u, t) = x u y t - y u x t - 
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Since these functions determine the lenghts of the four vectors and the angles between them, we have, 
as predicted, (pi, . . . ,p 2 o)(M. 12 ) — M 12 /S 1 . We compute the vector fields X\,... ,X 2 q associated to these 
polynomial functions in 'K. Since 



dz u , Pi{v,w) = dz t , 
{2x u dx u + 2y u dy u )\( V)Wfi)0 ) 
Pw(v,w) 



p 1 (v,w)=0, p 2 (v,w)=0, p 3 (v,w 

p 5 (v,w)=Q, p e (v,w)=0, p 7 (v,w 

p 8 (v,w) = (2x t dx t + 2ytdy t )\( v , W)0 ,o) = 0, P9(v,w) = 0, 
pn(v,w) = x v dx t + y v dy t , p 12 (v,w) = x w dx u + y w dy u , 
Pu(v, w) = (x u dx t + x t dx u + y u dy t + yt&Eu)\(v,w<o,Q) = °> 
Pw(v,w) = x v dy u - y v dx u ,p 17 (v,w) = x v dy t - y v dx t , 
Pi 8 (v, w) = x w dy u - y w dx u , Piq(v, w) = x w dy t - y w dx t , 
P2o(v,w) = {x u dy t + y t dx u - y u dx t - x t dy u )\^ wA0) = 0, 



0. 



— x v dx u + y v dy u , 
Pi3(v, w) = x w dx t + y w dy tl 
Plb(v,w) = 0, 



we get 



Xg — X14 — X\5 — X20 — 0, 



Xu(v,w) = x v d Xw +y v d Vw , 



Xi = X 2 = X§ = Xq = Xj = X$ 
X 3 (v,w) = d Zv , X A (v,w) = d Zw , Xi (v,w) = x v d Xv + y v d yv , 

X 12 (v,w) = x w d Xv + y w d Vv , X 13 (v,w) = x w d Xw + y w d Vw , 
X 17 (v,w) = x v d Vw - y v d Xw , 
and X lg (v,w) = x w d Vw - y w d Xw . 



X 16 (v,w 
X 18 (v,w 



— x v dy v y v d Xv , 

— Xwdy v Vwd Xv , 



Thus, Tfj = T is spanned by 

X 3 (v,w)=d Zv , Xi(v,w) 

Xn(v,w" 



jl 3 {v,w) = o Zv , Ji4{v,w) = d Zw , X 10 (v,w) = x v d Xv +y v d Vv , 
= x v d Xw + y v d yw , X 12 (v,w) = x w d Xv + y w d Vv , X 13 (v,w) = x w d Xw + y w d Vw , 
v 1 ; " "' ' ~ x v d Vv - y v d Xv , X 17 (v, w) = x v d Vw - y v d Xw , 

" •"' V ' - "■') = X w 8y n " ••' 



X 16 (v,w) . , ,,, . 
X 18 (v,w) = x w d Vv - y w d Xv , 



X 19 (v,w) 



Vwd x 



Note that the vertical space of the action is spanned by V = Xiq + X 



19- 







Example A. 4 Our last example is an example in lJotz et al.l (|2011bl ). inspired by iBierstond ()1975l ). We 
consider the diagonal action $ of G := SO(3) on M := R 3 x R 3 , that is, $ : SO(3) x (R 3 x R 3 ) R 3 x R 3 , 
$(A, v, w) := A - (v, w) := (Av, Aw). 

Here, we have thus to consider the action ^/ of SO(3) on R 12 given by ^(A, (v, w, u, t)) = (Av, Aw, Au, At). 
We write again v = (x v ,y v ,z v ), w = (x w ,y w ,z w ), etc. By Proposition IA.ll the Hilbert basis is 
Ji = {pi, . . . ,pu}, where the polynomial functions pi : R 12 — >■ R, i = 1, . . . , 14 are defined by 

|2 2,2,2 / ,\ 2,2,2 

' - - " " p 2 (v,w,u,t) =x w + y w + z w , 



pi(v,w,u,t) 

P4,(v,W,U,t) 

p 6 (v,w,u,t) 
p 8 (v,w,u,t) 
p 1Q (v,w,u,t) 
p u (v,w,u,t) 
p 12 (v,w,u,t) 
p 13 (v,w,u,t) 
pu(v,w,u,t) 



2 , 2 1 2 



p 3 (v,w,u,t) =x 2 u + yl + z. 



x t + yi + z h P5(v, w, u, t) = (v, w) = x v x w + y v y w + z v z w , 



p 7 (v, w, u, t) = x v x t + y v y t + z v z t , 
p 9 (v, w, u, t) = x w x t + y w y t + z w z t , 



XvX u yvVu Z V Z U , 
XwXu y-wVu Z W Z U , 

x u x t + y u yt + z u z t , 

det(v, w, t) = x v y w z t + x w y t z v + x t y v z 
det(v, u, t) = x v y u z t + x u y t z v + x t y v z u - z v y u x t - y v x u z t - x v z u y t , 
det(tf, u, t) — x w y u zi + x u yiz w -\- x%y w z u z w y u xi ywXuZt x w z u yi 



ZvVwXu yvXwZu x v z w y u , 
w z v y w Xf yvXwZt x v z w yt, 



Since the lengths of the four vectors and their relative positions in space are completely determined by 
these 14 polynomials, we find, as expected, (p\, . . . ,pi4)(R 12 ) ~ R 12 /SO(3). We compute the vector 
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fields Xi, . . . , X14 associated to these polynomials. Since 



Pi (v 


w 


P§{ V 


111 


Ps(v 


w 


p u (v 


w 


v 12 (v 


w 


m(v 


w 



we find 



= 0, p 2 (v,w)=0, p 3 (v,w)=0, p 4 ( v ,w)=0, 

= 0, p 6 (v, w) = x v dx u + y v dy u + z v dz u , p 7 (v, w) = x v dx t + y v dy t + z v dz t , 
= x w dx u + y w dy u + z w dz u , p 9 (v, w) = x w dx t + y w dy t + ^d^, p w (v , = 0, 

— yv%w^)dz u + (x w z v x^z^ijdy^ + {yyZw z v y w )dx u , 

— i^vVw yv%w)dzt + (x^z^ x ?) z ?i ,)d|/( + {yyZ-w z v y w *)dxt, 
= 0, Pi4(u,w) = 0, 



Xi = X2 = X3 = X4 = X5 = X10 = X13 = X14 = 0, 
X 6 (u, it>) = a;„<? Xt , + y v d Vv + z„d z „ , X 7 (v, w) = x v d Xw + y v d Vw + ^<9 2tu , 
X 8 (u, w) = x w d Xv + + z w d Zv , Xg(v, w) = x w d Xw + y w d Vw + z w d Zw , 
X\\(y ,w) = {x v y w — yvXw)d Zv + [x w z v x v z w )dy v + (yvZw ~ z v y w )d Xv , 
X 12 {v,w) = {x v y w - y v x w )d Zw + (x w z v - x v z w )d Vw + (y v z w - z v y w )d Xw . 



Thus, 7g is spanned by 



X 6 (v, w) = x v d Xv + y v dy v + z v d Zv , X 7 (v, w) = x v d Xw + y v d Vw + z v d Zw , 
X 8 (v, w) = x w d Xv + y w d Vv + z„,<9 2t , , X 9 (u, w) = x w d Xw + y^d^ + z w d Zw , 
Xn(v,w) = {x v y w yv%w)d Zv + {x w z v x v z w )dy v + (yvZw z v y w )d Xv , 
X 12 (v,w) = (x v y w - y v x w )d Zw + (x w z v - x v z w )d Vw + (y v z w - z v y w )d Xw 



The vector field Y defined by 



Y(v,w) =((v x w) x u) x d xi + ((v x w) x + ((u x to) x t>) 2 <9 2l 

+ {{v xw)x w) x d X2 + ((v xw)x w) y dy 2 + ((v x w) x w) z d Z2 

=(v,v)(x 2 d Xl +y 2 d yi + z 2 d Zl ) - (v,w)(x 1 d Xl +y\d yi + zid zi ) 
+ (v, w)(x 2 d X2 + y 2 d y2 + z 2 d Z2 ) - (w, w)(xid X2 + yid y2 + zid Z2 ) 

=(v,v)X 8 (v,w) - (v,w)X e (v,w) + (v,w)X g (v,w) - (w,w)X 7 (v,w) 

< M 3 is then also an element of 7q, where ((v xw)x v) x , ((v xw)x v) y and ((v xw)x v) z 



for all (v, w) € 1R 3 > 
are the x-, y- and z-components of the vector product (v x w) x v. 
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